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1. INTRODUCTION 


Semi-open sets, preopen sets, @-ореп sets and B-open sets play an important role in the 
researching of generalizations of open functions and open multifunctions. By using these sets, 
several authors introduced and studied various types of modifications of open functions and 
open multifunctions in topological spaces and bitopological spaces. Maheshwari and Prasad 
[20] and Bose [6] introduced the concepts of semi-open sets and semi-open functions in 
bitopological spaces.. Jelic' [12], [14], Kar and Bhattacharyya [15] and Khedr et al. [16] 
introduced and studied the concepts of preopen sets and preopen functions in bitopological 
spaces. The notions of &-open sets and a-open functions іп bitopological spaces were studied 
in [13], [24] and [17]. Some forms of open multifunctions are studied in [5], [7] and [8]. 
Recently, in [30] and [31] the present authors introduced the notions of minimal structures, 
-spaces and m-continuity. 


In the present paper, we introduce the notion of an m-open multifunctions from a 
topological space into an m-space and establish the unified theory for several weak forms of 
open multifunctions between bitopological spaces. We obtain some characterizations of m-open 
multifunctions and characterize the set of all points at which a multifunction is not m-open. 
In the last part, some new modifications of open multifunctions between bitopological spaces 
is introduced and investigated. 


2. PRELIMINARIES 


Let (X, т) be a topological space and 4 a subset of X. The closure of А and the interior of 
A are denoted by CI(A) and Int(A), respectively. 
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Definition 2.1. Let (X, т) be a topological space. A subset 4 of X is said to be a-open [25] 
(resp. semi-open [18], preopen [22], B-oven [1] or semi-preopen [3], b-open [4] or y-open [11]) 
if 4 c Int(Clünt(4)) (resp. А c Clünt(4), А c Int(Cl(4)), А c CIAC), 
A c Int(CI(4)) CK(Int(A))). 


The family of all semi-open (resp. preopen, a-open, В-ореп, semi-preopen, b-open) sets 
in X is denoted by SO(X) (resp. PO(X), a(X), B(X), SPO(X), BO(X)). 


Definition 2.2. The complement of a semi-open (resp. preopen, (-open, B-open, semi-preopen, 
b-open) set is said to be semi-closed [9] (resp. preclosed [10], a-closed [23], В-сіоѕеа [1], 
semi-preclosed [3], b-closed [4]). 


Definition 2.3. The intersection of all semi-closed (resp. preclosed, a-closed, B-closed, semi- 
preclosed, b-closed) sets of X containing А is called the semi-closure [9] (resp. pre-closure 
[10], a-closure [23], B-closure [2], semi-preclosure [3], b-closure [4]) of A and is denoted by 
SCI(A) (resp. pCl(4), aCI¢A), aCl(A), spCl(A), bCI(A). 


Definition 2.4. The union of all semi-open (resp. prepen, @-ореп, 8-ореп, semi-preopen, b-open) 
sets of X contained in A is called the semi-interior (resp. preinterior, &-interior, B-interior, semi- 
preinterior, b-interior) of A and is denoted by sInt(A) (resp. pInt(A), alnt(4), BInt(A), spInt(A), 
bint(4)). 


Throught the present paper, (X, т) and (Y, c) (briefly X and Y) always denote topological 
spaces and F : X — Y (resp. f: X — Y) presents a multivalued (resp. single valued) function. 
For a multifunction F : X > Y, we shall denote the upper and lower inverse of a subset B 
of a space Y by F'(B) and F (B), respectively, that is 


F'(B) = (x e X : F(x) c B} and F(B) = (x e X: Ех) п B# gJ. 
Definition 2.5. A function f : (X, т) > (Y, т) is said to be open at a point x є X if for each 


open set U containing x, there exists an open set V of Y containing f(x) such that VCf(U). 
If f is open at each point x € X, then f is said to be open. 


Remark 2.1. A function f : (X, т) (7, С) is open if and only if AU) is open for each open 
set U of X. 


Definition 2.6. function f : (X, т) (7, ©) is said to be semi-open [26] (resp. preopen [22], 
a-open [23], B-open [1]) if KU) is semi-open (resp. preopen, a-open, В-ореп) for each open 
set U of X. 

Definition 2.7. A multifunction F : (X, т) ә (Р, с) is said to be open [5] (resp. semi-open 
[29], preopen [8], о-ореп [7], В-ореп) if F(U) is open (resp. semi-open, preopen, @-ореп, 
B-open) for each open set U of X. 
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3. MINIMAL STRUCTURES AND m-OPEN MULTIFUNCITONS 


Definition 3.1. A subfamily my of the power set P(X) of a nonempty set X is called a minimal 
structure (or briefly m-structure) [30], [31] on X if @ € my and X e my 


By (X, my) (or briefly (X, m)), we denote a nonempty set X with a minimal structure 
my on X and call it an m-space. Each member of my is said to be my-open (or briefly m-open) 
and the complement of an my-open set is said to be m,-closed (or briefly m-closed). 


Definition 3.2. Let X be a nonempty set and my an m-structure on X. For a subset А of X, 
the my-closure of A and the my-interior of A are defined in [21] as follows: 


(D mypCK(4)-n(F:AcEX-Fe my}, 

(2) myint(4) = О: Uc A, U e my}. 
Remark 3.1. Let (X, т) be a topological space and А be a subset of X. If my = т (resp. SO(X), 
PO(X) a(X) B(X) BO(X), then we have 

(а) ту-СІ(4) = СҚА) (resp. sCI(A), pCl(4), aCl(4, BCA), bCI(A)), 

(b) my-Int(4) = Int(4) (resp. sInt(4), pInt(4), alnt(4, BInt(A4), bInt(A)). 


Lemma 3.1. (Maki et al. [21]). Let (X, my) be an m-space. For subsets А and B of X, the 
following properties hold: 


(1) mypCKX — A) = X — my-Int(4) and my Int(X = A) = X - my CK(4), 

(2) F(X- A) є my then ту-СҚА) = A and if A є my, then my-Int(4) = 4, 
(3) myCl(0) = 0, m,CKX) = X, my-Int(0) = 0 and myInt(X) = X, 

(4) If A c B, then my-CK(4) c my-CKB) and myInt(4) c m y-Int( B), 

(5) Ас ту-СКА) and my-Int(4) c А, 

(6) myCl(my,-CK4)) = my-CK4) and my-Int(m,-Int(A)) = my-Int(4). 


Lemma 3.2. (Popa and Noiri [30]). Let (X, my) be an m-space and A a subset of X. Then 
x e my-CK(A) if and only if О ^ A + 0 for every U є my containing x. 


Definition 3.3. A minimal structure my on a nonempty set X is said to have property € [21] 
if the union of any family of subsets belonging to my belongs to my. 


Definition 3.3. (Popa and Noiri [32]). Let (X, my) be an m-space and ту satisfy property ®. 
Then for a subset A of X, the following properties hold: 


(1) 4 e my if and only if my-Int(4) = A, 
(2) A is m-closed if and only if ту СА) = А, 
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(3) my-Int(4) є my and тү-СҚА) is my-closed. 


Remark 3.2. Let (X, т) be a topological space and т, = SO(X) (resp. PO(X), a(X), B(X), 
. BO(X)), then my satisfies property 2. 


Definition 3.4. Let (Y,my) be an m-space. 


(1) A multifunction F : (X, т) > (Y, my) is said to be m-open at x € X if for each 
open set U containing x, there exists V € my containing F(x) such that V c F(U). If F is 
m-open at each point x є X, then F is said to be m-open. 


(2) A function f : (Хт) — (Y, my) is said to be m-open at x є X if for each open set 
U containing x, there exists V є my containing f(x) such that V c QU). If f is m-open at each 
point x є X, then f is said to be m-open. 


Theorem 3.1. A multifunction Е : (X, т) Э. (Y, my) is m-open at x є X, where my, has property 
2, if and only if for each open set U containing, x, x є F*(my-Int(F(U))). 


Proof. Necessity. Let U be an open set containing x. Then, there exists V є my such that F(x) 
c V c F(U) and hence F(x) c m,-Int(F(U)). Therefore, we obtain that x є F*(my-Int(F(U))). 


Sufficiency. Suppose that x є F*(m,-Int(F(U))) for each open set U containing x. Then 
F(x) c my Int(F(U)). Set V = my-Int(F(U)), then by Lemma 3.3 V € my and F(x) c V c F(U). 
Therefore, F is m-open at x. 


Theorem 3.2. A multifunction F : (X, т) > (X, my) is m-open, where (Y,my) has property B, 
if and only if F(U) is my-open for each open set U of X. 
Proof. Necessity. Let О be an open set of X and x є U. Since F is m-open at x є X, by__. 
Theorem 3.1 we have F(x) c ИЕ апа Бу Lemma 3.1 FU) = тү (Шу). By Lemma 
3.3, F(U) is my-open. 

Sufficiency. Let x € X and U be an open set of X containing x. Then we have F(x) 


c F(U) = m,-Int(F(U)). Therefore x e F* (my-Int(F(U)). By Theorem 3.1, F is m-open at arbitrary 
point x e X. 


Remark 3.3. (a) If F : (X, т) > (Y, С) is a multifunciton and my = т (resp. SO(Y), PO(Y), 
a(Y), B(Y)), we obtain Definition 2.7, that is, the definition of an open (resp. semi-open, preopen, 
G.-open, B-open) multifunction, where SO(Y) (resp. PO(Y), a(Y), B(Y)) is the family of all semi- 
open (resp. preopen, @-ореп, B-open) sets of Y. 

(b) Iff: (X, т) э (Y, o) is a function and my = с (resp. SO(Y), PO(Y), a(Y), B), 
we obtain Definition 2.6. : 
Theorem 3.3. For a multifunction F : (X, т) — (Y, my), where my has property @, the following 
properties are equivalent: 
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(1) F is m-open at x; 

(2) If x € Int(4) for A € P(X), then x e F*(m,Int(F(A))); 

(3) x e Int(F*(B)) for B є P(Y), then x e F'(my-Int(B)); 

(4) [fx e F(my-CK(B)) for B є ALY), then x e CI((2)). 

Proof. (1) = (2) : Let A є P(X) and x є Int(A). Then, there exists an open set U such that 
xe Uc A and hence F(x) c F(U) c КА). Since F is m-open at x, by Theorem 3.1 and 
Lemma 3.1, we obtain x € F*(my-Int(F(U))) c F'(my-Int(F(A))). 

(2) = (3) : Let B є P(Y) and x є Int (F'(B)). Then, x є F'(my-Int(F(F'(B))) c 
F*(my-Int(B)). 

(3) = (4): Let Be PY) and x € Clh(F(B)). Then x e X — CI(F(B)) = Int(X — 
F(8)) = Int(F*(Y — B)). By (3) we have x e F'(my-Int(Y-B)) = X — F-(m,-Cl(B)). Hence, 
x € F(my-CK(B)). Therefore, if x є F (my-CI(B)), then x e CI(F (B)). 

(4) = (1) : Let О be any open set of X containing x and B = Y — F(U). Since 
CI(FB)) = CI (Y -F(U))) = CX — F*(F(U))) c X - In(U) = X - U and x e U, we obtain 
that x e CI(F (B). By (4) we have x € F(myCK(8)) = Е(туСКУ — F(U)) = X - 
F*(m,-Int(F(U))). Therefore, x є F*(my-Int(F(U))). By Theorem 3.1, F is m-open at x. 
Theorem 3.4. For a multifunciton F : (X, т) > (Y, my), where my has property $, the following 
properties are equivalent: 

(1) F is m-open; 

(2) F(Int(4)) C my-Int(F(A)) for any subset A of X; 

(3) Int(F*(B)) с F'(my,-Int(B)) for any subset B of Y; 

(4) Е(ту-СКВ)) c CIG^(B)) for any subset B of Y. 

Proof. (1) = (2) : Let А be any subset of X and x є Int(A). Since F is m-open at each х 
€ A, by Theorem 3.3 F(x) c my,-Int(F(4). Hence F(Int(4)) C my-Int(F(A)). 

(2) = (3): Let B be any subset of Y. By (2), we have F(Int(F*(B))) c my-Int(F(F* (B) 
c my-Int(B). 

(3) = (4): Let В be any subset of Y. By (3), we have X — CI(Z (2)) = Int(X — F-(B)) 
= Int(F*(Y ~ B)) с F'(my-Int(Y — B)) = X - F(my-CI(3)). Hence, F(my-CK(B)) c Cl(F(B)). 

(4) = (1): Let U be any open set of X and B = Y — F(U) By (4) we have 
F (m,-CK(Y — F(U)) c CI(F(Y – F(U)). Now, F(myCKY — F(U))) = F(Y – mylInt(F(U))) 
=X- F'(my-Int(F(U))). And also we have CI(F (Y — F(U))) = C(X — F'(F(U))) c X - Int(U) 
= X ~ О. Therefore, we obtain U c F'(my-Int(F(U))) and hence F(U) c my-Int (F(U)). By 
Lemma 3.1, F(U) = m,-Int(F(U) and by Theorem 3.2, F is m-open. 
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Remark 3.4. Let F : (X, т) — (Y, с) be a multifunction and my = SO(X). Then by Theorem 
3.4, we obtain the result established in Lemma 5.2 of [29]. 


For a multifunction F : (X, o) — (Y, my), we denote 
РЕ) = (x e X: Е is not m-open at x). 
Theorem 3.5. For a multifunction Е : (X, т) — (X, my), where my has property ®, the following 
properties hold: 
DXF) = og dU – F(nyInt(F(U))) 
= Use pu) Unt(4) — F*(my-Int(F(A)))} 
= Upe py nt^ (B)) — F'(m,-Int(3))) 
= Upe ap) (ny Cl) — CI(F(B)). 
Proof. Let x є D'(F). Then, by Theorem 3.1, there exists an open set U, containing x such 
that x ¢ F'(my-Int(F(U5))). Hence x e Uy (XV F'(my-Int(F(U5))) = Ug \ F'(my-Int(F(U5))) 
C Uye (U ~ F'(myInt(F(U)))). 
Conversely, let x є uj, (U – F* (my-Int(F(U)))}. Then there exists U) є т such that 
x € U- F'(m,Int(F(U,))). Therefore, by Theorem 3.1 x € РЕР). 


For the second equation, let x є РОР). Then, by Theorem 3.3, there exists Аүе AX) 
such that x є Int(4,) and x ¢ F'(my-Int(F(A,))). Therefore, x € Int(4,) — F*(my-Int(F(A p» 
C Uge роуа) — F*(m,-Int(F(4)))). 

Conversely, x € Uy, px) Unt(4) — F'(my-Int(F(4)))). Then there exists 4, є P(X) such 
that x e Int(4)) — F*(my-Int(F(4,))). By Theorem 3.3, x є D(f). 


The other equations are similarly proved. 


4. MINIMAL STRUCTURES AND BITOPOLOGICAL SPACES 


Throughout the present paper, (X, т, t5) and (Y, ©}, 05) denote bitopological spaces. For a 
subset А of X, the closure of 4 and the interior of A with respect to т, are denoted by iCl(4) 
and iInt(A), respectively, for i = 1, 2. First, we shall recall some defini-ions of weak forms 
of open sets in a bitopological space. 
Definition 4.1. A subset 4 of a bitopological space (X, T}, T,) is said to be 

(1) (i Л-ѕеті-ореп [20] if А c jCl(ünt(4)), where i +j, i j = 1, 2, 

(2) (i J)preopen [12] if А c ilnt(Cl(4)) where i +j, i, j = 1, 2, 

(3) (i j)-a-open [13] if A c int(jCl(/Into-1)), where i +j, і j= 1, 2, 

(4) (i /)-semi-preopen [16] if there exists an (i, /)-preopen set U such that Uc Ac 

jCI(U), where i # j, i j= 1, 2. 
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The family of (i, /)-ѕеті-ореп (resp. (i, /)-preopen, (i, /)-@-ореп (i, /)-semi-preopen) sets 
of (X, ту, т) is denoted by (i, /)SO(X) (resp. (i, /)PO(X), (i DaX), (1, })$РО(Х)). 
Remark 4.1. Let (X, т, t5) be a bitopological space and А a subset of X. Then (i, /)SO(X), 
(i, )PO(X), (i, j)a(X) and (i, )SPO(X) are all m-structures on X. Hence, if mue (i, J)SO(X) 
(resp. (i, )PO(X), (i, D(X), (i, )SPO(X)) then we have 

(1) m,-CK4) = (i j}sCl(A) [20] (resp. (i /)-pCK4) [16], (i )-oCK4) [24], G Л- 

spCI(4) [16]), 

(2) m,-Int(4) = (i, j)-sInt(4) (resp. (i /)-plnt(4), @ /)-oInt(4), (i, /)-spInt(4)). 

Remark 4.2. Let (X, тү, 15) be a bitopological space. 


(a) Let m, = (i, /)SO(X) (resp. (i, DaX). Then, by Lemma 3.1 we obtain the result 
established in Theorem 13 of [20] and Theorem 1.13 of [19] (resp. Theorem 3.6 of [24]). 


(b) Let m, = (i, /)SO(X) (resp. (i ЛРО(Х), G, Лох), (і J)SPO(QO). Then, by Lemma 
3.2 we obtain the result established in Theorem 1.15 of [19] (resp. Theorem 3.5 of [16], Theorem 
3.5 of [24], Theorem 3.6 of [16]). 


Remark 4.3. Let (X, т, т) be a bitopological space. 


(a) It follows from Theorem 2 of [20] (resp. Theorem 4.2 of [15] or theorem 3.2 of 
[16], Theorem 3.2 of [24], Theorem 3.2 of [16] that (i, )SO(X) (resp. (i, )PO(X), (i, j)a(X), 
(i, J)SPO(X)) is an m-structure on X satisfying property 2. 

(b) Let m, = (1, /)SO(X) (resp. (i J)PO(X), G, DAD, (i, J)SPO(X)). Then, by Lemma 
3.3 we obtain the result established in Theorem 1.13 of [19] (resp. Theorem 3.5 of [16], Theorem 
3.6 of [24], Theorem 3.6 of [16]). 


— 5. m-OPEN MULTIFUNCTIONS IN BITOPOLOGICAL SPACES 


Definition 5. 1. A function f : (X, т, t)  (Y,.6,,.6,) is said to be (i, /)-ѕеті- open [6] (resp. 
NU J)-preopen [15], (1, j)-a-open [17], (i, J)-semi-preopen) if for each т,-ореп set О of X, KU) 


. ls (i, J)-semi-open (resp. (i, /)-ргеореп, (i, /)-a-open, (i, /)-semi-prepen) in Y. 


Definition 5.2. A multifunction F : (X, t,, т,) > (Y, ©}, С,) is said to be (i, /)-almost open 
(cr (i, j)-preopen) [8] if for each U € t, F(U) is (i, /)-preopen. 

Remark 5.1. (а) By Remark 4.3(a), (i, /)SO(Y), (i, J)PO(Y), (i, j)a(Y) and (i, j)SPO(Y) are 
all m-structures оп У satisfying property (&). Therefore, a function f : (X, т, tj) > 
(Р, Су, б) is (i, /)-semi-open (resp. (i, /)-ргеореп, (i, /)-0-ореп, (i, /)-semi-preopen) if and only 
if f: (X, т) > (F, my) is m-open, where m, = (1, J)SO(Y) (resp. (; ЛРО(У), (1, Nay), 
(i j)SPO(Y)). 
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оо 


(b) A multifunction F : (X, т, т) > (Y, С, ©) is (i Л-ргеореп if F : (X, 1) ә 
(Y, m,) is m-open, where m, = (i, J)PC(Y). 


Definition 5.3. Let (Y, С, 0,) be a bitopological space and т, = m(O,, 05) an m-structure 
on Y. A multifunction F : (X, т, 15) — (Y, бү, с) is said to be (i, /)-m-open at x e X if 
F: X% E m,) is m-open at x € X. 


Remark 5.2. (a) A multifunction F : (Z, ту, tj) > (Y, 0), б.) is (i, )-m-open at x e X if 
for each тореп set U containing x, there exists V e т, containing F(x) such that V c F(U). 


(b) By Remark 3.3, it follows from that a multifunction F : (X, ту, Tta) > (Y, су, с.) 
is (i, J)-m-open, where m, = m(o;, C.) has property &, if and only if F(U) is m-open for every 
tropen set U of X. 


(c) If f : (X, т, т) > (Y, су, 62) is a function and Е: (X, ту, т) > (Y, С), 0) is 
a multifunction, then by Definiton 5.3 we obtain Definitions 5.1 and 5.2. 


- By Definition 5.3 and Theorems 3.1-3.5, we obtain the following theorems. 


Theorem 5.1. Let (Y, ©}, су) be a bitoyological space and m, = т(б\, бу) ап m-structure 
on Y with property €. Then a multifunction F : (X, 1,, ту) > (Y, С, б) is (i, J)-m-open at 
xe X if and only if x e F* (n, -Ant(F(7))) for every t-open set О containing x. 


Theorem 5.2. Let (Y, су, 65) be a bitopological space and m, = m(0,, 05) an m-structure 
on Y with property ©. Then a multifunction Е : (X, ту, ту) > (Y, 0,, б) is (i, Л-т-ореп if 
and only if F(U) is m,-open for every t,-open set U of X. 


Theorem 5.3. Let (Y, 6), 6,) be a bitopological space and т, = т(б\, 05) an m-structure 
on Y with property ©. For a multifunctior F : (X, 1, ту) > (Y, 6), 0»), the following properties 
are equivalent: 


(1) F is (i, j}m-open at x e X; 

(2) fxe ilnt(4) for A є P(X). then x e Ft (m,-Int(F(4)); 
(3) Yx e Mnt(F*(B)) for B e P(Y), then x e Ft (m,-Int(B)); 
(4) Ifxe F(m,-CK3)) for B € P(X), then x e iCI(F(B)). 


Theorem 5.4. Let (Y, ©}, 0») be a bitopological space and т, = m(0,, 05) an m-structure 
on Y with property €. For a multifunctior: F : (X, ту, т) > (Y, 61, б), the following properties 
are equivalent: 


(1) F is (i, j)-m-open; : 
(2) ИА) c m,-Int(F(A)) for every subset A of X; 
(3) ünt(F*(B)) c Ft (m,-Int(B)) for every subset B of Y; 
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(2) F(iünt(4) c m,-Int(F(4)) for every subset A of X; 
(3) ünt(F*(B)) c Ft (m,-Int(B)) for every subset B of Y; 
4 РЕ (т,-СІКВ)) c iCI(F-(B)) for every subset B of Y. 
For a function F : (X, т, tj) > (Y, С), 65), we denote 
р» = (x e X: F is not (i, j)-m-open at x}, 
then by Definition 5.3 and Theorem 3.5 we obtain the following theorem: 


Theorem 5.5. For a multifunction F : (X, t) > (Y, my), where my = т(б|, с) ап m-structure 
сп Y with property ©, the following properties hold: 


Dj) = Vues {U — F*(m,-Int(F(U)))} 
= Use ppp {ilnt(A) — F*(m,-Int(F(A)))} 
= Upe py) {ilnt(F'(B)) – F*(n,-Int(B))} 
= Upe дуу (m,-CKB)) — iClF(B))}. 


6. NEW FORMS OF MODIFICATIONS OF OPEN MULTIFUNCTIONS 


There are many modifications of open sets in topological spaces. In order to define some new 
modifications of open sets in a bitopological space, let recall 0-open sets and $-ореп sets due 
to Velicko [33]. Let (X, т) be a topological space. A point x € X is called a Ө-сІиѕіег (resp. 
&-cluster) point of a subset A of X if CI(V) ^ A # 6 (resp. Int(CI(V)) ^ А = 0) for every 
open set V containing x. The set of all O-cluster (resp. 5-cluster) points of A is called the 
G-closure (resp. 5-closure) of А and is denoted by Cl,(A) (resp. Cl;(4)). If A = С1(А) (resp. 
А = С1,(4)), then А is said to be 0-c/osed (resp. 5-closed) [33]. The complement of a 0-closed 
(resp. 5-closed) set is said to be 8-open (resp. 5-open). The union of all 6-open (resp. 5-open) 
sets contained in А is called the 0-interior (resp. 8-interior) of A and is denoted by 1п+(4) 
(resp. Int,(A)). | 
Definition 6.1. A subset 4 of a bitopological space (Y, Су, С,) is said to be 

(1) (i, j)-8-semi-open [27] if A c jCl(ints(A)), where i +j, i, j = 1, 2, 

(2) (i Л-8-рғеореп [28] if A c ilnt(jCli(4)), where i + j, i, j = 1, 2, 

(3) (i j)9-semi-preopen (simply (i, j)-5-sp-open) if there exists an (i, /)-ӧ-ргеореп set 

U such that U c А c jCI(U), where i # j, i, j = 1, 2. 

Definition 6.2. A subset A of a bitopological space (Y, Сү, 05) is said to be 

(1) (i Л-0-ѕеті-ореп if A c jCKintg(4)), where i + j, i, j = 1, 2, 

~ (2) (i j)-9-preopen if А c ilnt(jCI (4), where i # j, i, j = 1, 2, 
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Let (Y, 6), 0) be a bitopological space. The family of (i, j)-0-semi-open (resp. (i, j} 
O-preopen, (i, /)-8-ѕр-ореп, (i, /)-0-ѕеті-ореп, (i, /)-9-ргеореп, (i, j)-0-sp-open) sets of 
(Y, с, 0;) is denoted by (i, )8SO(Y) (resp. (i, /)8PO(Y), (i, /)55РО(Р), (i, j)8SO(Y), (i, POPOY), 
(i, /)eSPO(Y)). | 


Remark 6.1. Let (Y, o}, 6) be a bitopological space. The family (i, /)8SO(Y), (i, })5РО(У), 


(4, J)6SPO(Y), (i, /)0SO(Y), (i, /)ӨРО(У) and (i, /)OSPO(Y) are all m-structures with property 
2. 


For a multifunction F : (X, т, ту) > (Y, с), 05), we can define тапу new types of 
(i, J)m-open multifunctions. For example, in case my = (i, JSSO(Y) (resp. (i, /)SPO(Y), 
(i, J)OSPO(Y), (i, )8SO(Y), (i, )8PO(Y), (i, )OSPO(Y)) we can define new types of (i, /)-т- 
open multifunctions as follows: 
Definition 6.3. A multifunction F : (X, т, 15) > (Y, С, С,) is said to be (i, /)-8-semi-open 
(resp. (i, /)-5-preopen, (i, j)-9-sp-open) if Е : (X, т) > (Y. my) is (i, Л-т-ореп and m, = 
(i, j)8SO(Y) (resp. (7. /)ӧРО(У), (i, j)8SPOCY)). 
Definition 6.4. A multifunction F : (X, т, т) > (Y, бу, O2) is said to be (i, /)-8-semi-open 
(resp. (i)-0-preopen, (i, j)-9-sp-open) if Е : (X, т) > (Y, My) is (4, J)-m-open and m, = 
(i, DOSO) (resp. (i, POPOP), (i, /)8SPO(Y). 
Conclusion. We can apply the characterizations established in Sections 5 to the multifunctions 
defined in Definitions 6.3 and 6.4 and also to multifunctions defined by using any m-structure 
m, = m(0,, б) with property & determined by c, and o, in a bitopological space 
(Т, с), 63). 


aS 
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ON PRECONTINUOUS AND a-PRECONTINUOUS 
MAPPINGS 


ZBIGNIEW DUSZYNSKI 


ABSTRACT : Precontinuity and c-precontinuity of mappings in topological spaces are considered. 
Another properties of these types of mappings and interrelationships with some other types are studied. 
Some’ observations concerning Hausdorffness, normality and B-connectedness of spaces are given. 


Key words and phrases : Preopen, о-ореп, semi-open, simply open sets; &-precontinuity, precontinuity, 
semi-continuity, o-continuity, a.c.S.; submaximal, B-connected, Hausdorff, normal, Z-spaces. 
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1. INTRODUCTION 


Mashhour et al. [28] introduced the notion of precontinuous mapping which coincides with 
almost continuity in the sense of Husain [16] (briefly: a.c.H.). Quite recently,Beceren and Noiri 
[4] have defined a-precontinuous mappings which are of stronger form of continuity than those 
precontinuous. Some interrelationships with other kiidwn,.classes of mappings can be found 
in [4]. In present paper we continue investigations concerning a-precontinuous and 
precontinuous mappings in context of several types of ‘open’ and ‘continuous’ mappings. 


2. PRELIMINARIES 


Throughout the paper, by (X, т), (Y, 6), ... we mean topological spaces (briefly: spaces) on 
which no separation axioms are assumed unless explicitly stated. The Cartesian product topology 
for spaces (X, т) and (Y, с) will be denoted by т x с. Let S be a subset of an (X, т). The 
‘closure of 5 and the interior of 5 (both in (X, т)) are denoted by cl (S) (or cl(S)) and int,(S) 
(or int (S)), respectively. A subset 5 c X is said to be regular open (resp. regular closed) 
in (X, т) if S = int (cl(S)) (resp. S = cl(int(S))). The family of all closed (resp. regular open, 
regular closed) subsets of a space (X, т) will be denoted by c(X, т) (resp. RO (X, т), 
RC(X, 1)). A subset 5 of (X, т) is said to be a-open [32] (resp. semi-open [21], preopen [28], 
semi-preopen [2] or equivalently B-open [1]) if S c int (cl(int(S))) (resp. S c cl(int(S)), 
S c int(cl(5)), S c cl(int(cl(S)))). The complement of an o-open (resp. semi-open, preopen, 
semi-preopen) set is called a-closed (resp. semi-closed, preclosed, semi-preclosed). The family 
: of all a-open (resp. semi-open, preopen, semi-preopen) subsets of (X, т) will be denoted by 
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1* (resp. SO(X, т), PO(X, т), SPO (X, 7)). The family of all semi-closed (resp. preclosed, semi- 
preclosed) subsets of (X, т) we denote by SC(X, т) (resp. PC (X, т), SPC (X, т)). The following 
incusions are known for any space (X, т) : x c т“ = SO(X, т) ^ PO(X, т) ([39, Lemma 3.1] 
or [45, Lemma 2]), SO (X, т) c SPO (X, т) and PO (X, т) c SPO (X, т). For each (X, т) 
the family 7% forms a topology on X [32, Proposition 2] which is strictly distinct from т, 
in general. We have (1*)* = t% [32, Proposition 10] for each (X, т). If # с SO (X, т) (resp. 
7f c PO (X, т)), then U # є SO(X, т) [21, Theorem 2] (resp. U # e PO(X, т) [28]. 

With a standard method, for any space (X, 1) and a subset S C X one defines [2] the 
preinterior of S (pint, (S)), the semi-preinterior of S (spint,(S)), the preclosure of S (pcl,(S)), 
and the semi-preclosure of S (spcl.(S)) as respectively: the union of all preopen (resp. semi- 
preopen) subsets of (X, т) contained in S and the intersection of all preclosed (resp. semi- 
preclosed) subsets of (X, т) containing 5. 


The following formulas are known: pcl ($) = SU cl,(int,(S)) [2, Theorem 1.5(e)], pint, (S) 
= $n int,(cl,(S)) [2, Theorem 1.5(f)]. A mapping f: (X, т) > (Y, ©) is said to be 0.-precontinuous 
[4] (resp. precontinuous [28], semicontinuous [21], a-continuous [30], a-irresolute [27], 
almost continuous in the sense of Singal and Singal [48] or briefly a.c.S.) if РИУ) є PO 
(X, т) (resp. f (V) є РО(Х, т), (V) є SO (X, т), £F (V) є 1%, f (V) є 1%, fI) є т) for 
every set V € С° (resp. Ve o, Veo, Veo, Ve ot, Ve RO(X, т) [48, Theorem 2.2(b)]). 


A mapping f : (X, т) > (Y, с) is called contra-continuous [7] (resp. contra-semi- 
continuous [8], contra-precontinuous [17]) if f (V) є c(X, т) (resp. (V) є SC (X, т), 
f (V) e PC (X, т)) for every V € o. 


3. a-PRECONTINUOUS MAPPINGS 


In [4] the authors gave several characterizations of a-precontinuity. In the following theorem 
we offer another characterizations of this type of continuity. 


Theorem 1. For a mapping f : (X, т) (Y, с) the following statements are eqivalent: 
(1) f is &-precontinuous. 
(2) рс (В) c f cl a (B) for every subset В с X. 
(3) füipcl(4) c d, (KA)) for every subset A c X. 
(4) f nt. „ (5)) € int (chI) for every subset S с Y. 


(5) fnt, (5) c pint f (8) for every subset S c Y. 


Proof.-(1) => (2). Let f be B onrecontitustis: Then cl.(int.(£-(B))) c FL; (B)) for every 
subset B c Y [4, Theorem 3.1(f)]. Our inclusion follows from [2, Theorem. 1.5(e)]. 
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(2) = (1). Obvious by [2, Theorem 1.5(e)] and [4, Theorem 3.1(f)]. 

(1) < (3). This follows immediately from [4, Theorem 3.1(g)] and [2, Theorem 1.5(e)]. 

(1) < (4). Let 5 be any subset of Y and let B = Y V S. Utilizing [4, Theorem 3.1(f)] 
we calculate as follows: cl.(int.(£!(B))) c fel a (В) iff X V CH a (B) c їп (1 (X \ 
FB) iff f (int... (S) є int (cl (£1 (5). 


(4) & (5). Apply [2, Theorem 1.5(f)]. 
The following result has been obtained by Beceren and Noiri. 


Theorem 2. [4, Theorem 3.2]. Let (X, т) and (Y, о) be arbitrarily chosen spaces and let the 
graph mapping g : (X, т) > (X x Y, тхо) for an f : (X, т) — (Y, o) be given via g(x) = 
(x, Kx)) for each x € X. If g is a-precontinuous then f is 0-precontinuous. 


For a.c.S., a.c.H., and w.c. [35] mappings, theorems of the above type are reversible; 
see respectively [23, Theorems 1&2], [35, Theorem 1]. Also, in the cases of a.a.c. [41], s.w.c. 
[32], р.а.о.с. [11], and p.s.w.c. [11] mappings, reversibilities of this kind are possible; see [11]. 


We are to shcw that under a certain condition imposed on (X, т) and (Y, б), the converse 
of Theorem 2 holds. 


We offer ancther proof of the following assertion. 


Lemma 1. [13, p. 136]. Let (X, т) be a space, Ue 1% and Y € PO(X, т). Then Ur Ve 
PO(X, т). 


Proof. We have UA V c int(cl(int(U)))nint(cl(V)) c int (cl(U))nint (cl(V)). From [39, Lemma 
3.5] we infer that U ^ V e PO(X, т). 


Definition 2. Let (X, 1) and (Y, 6) be spaces. Then 


(т x gy* = (1% x gt 


d 


Proof. First, we will show the inclusion 
(1) t% x oc (тох GP. 


Let S € т x с“, Then S = NA х 52 where Sle t% and Ste o® for each іє 7. 
So, 


SUL int, (et. (in (57)))x int, (ei (int, (52) 


= vint... (21. (int... (S; х 52))) c it (el. lintea (8)))) 


1є7 
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Therefore, S є (т x c)". The next inclusion to be shown is 
(2) (t x o c (19 xg". 


Let W є (т x с)“. Then we have 
W C int pg (lpg (int, , (W))) C int gg (2, (int, W). 
By [14, Lemma 1(1)] and (1) we get 
Wcint, , C (int, 07) Cit s; Ca (int, oe (ж). 
Thus, W e(r* xg)". We shall show m 
(3) (7% x ge) C(rxo)*. 


Let V epe x: guys Hence Vc int aga (ч. хо& (int. xg? о). Ву (1) and 
[14, Lemma 1(1)] we obtain 


Ve шда (s. xot yt (int. id e). 
By (2) and (1 t i i . This sh that. - — 
y (2) and (1) we ge V C int s Can (int, ye e) is shows tha 


y e((rx0)*)" = (т x о); 


see [32]. Eventually, inclusions (2) and (3) complete the proof. 
Corollary 1. Let (X, т) and (Y, с) be such spaces that 


(4) (7° xo?) C 1? x g? 


Then (т x oy = t% x of, 
Theorem 2. Let (X, т), (Y, o) be spaces and let mappings f and g be as in Theorem 2. If 
(4) holds and if f is &-precontinuous, then g is &-precontinuous. 


Proof. Suppose fis 0-ргесопііпиоџѕ. Let x є X and let W € (т x с)“ be any set containing 
g(x). By (4) and by Corollary 1 there exist sets U € 1*, V € с“, such that g(x) = (x, f(x)) 
€ Ux V c №. Since f is a-precontinuous, there is a set U, є PO(X, т) containing x such 


ON PRECONTINUOUS AND a-PRECONTINUOUS MAPPINGS 17 


that ДО) c V [4, Theorem 3.1(c)]. Thus, AU ^ U,) c V where хе UN U, e PO (X, т) 
by Lemma 1. So we obtain g(U т О) c Ux V c W. This shows that g is &-precontinuous. 


For every totally disconnected space (X, т) (each open set is closed), we have т = т“ 
[19, Theorem 3.3]. 


Corollary 2. Let (X, т) and (Y, с) be such spaces that the space (X x Y, тх o) is totally 
disconnected and let f : (X, т) — (Y, o). Then, the graph mapping g of f is a-precontinuous 
if and only if f is &-precontinuous. 


Theorem 3. Let for i = 1, 2, (X, т) be arbitrary spaces and (Y, ©,) be spaces fulfilling the 
condition (ot x са)“ C of х of. Then, mappings f, : (X, v) > (Y, 6), i = 1, 2, are 


a-precontinuopus if and only if the product mapping f : (X, х X4, *, хт) ә (Y, x Y;, 
0; х Oy), defined via f(x, x4) = (10), Б(,)) for each (xi, х,) є X, x X5, is o-precontinuous. 


Proof. Sufficiency. [4, Theorem 3.4]. 
Necessity. Let / be a-precontinuous, і = 1, 2, and let W є (o, x с,)“ By Corollary 1 we 
have W €07 x 02, and so W= о, XW where W? єсїї, W/ €05 foreach je J. Using 


[4, Theorem 3.1(d)], for any chosen / € 7 we calculate as follows: 
f(x) = HH) (rr) eim, (а, (ле (я) ) int, (а, G7 002) 
- int, s (oh us (Ct (i x nc int, xr, NON (m). 


Therefore, (Ӯ) С int, xr, (ch, as (7 (®))) and consequently f is &-precontinuous. 


A subset S of a space (X, т) is said to be simply open [6], if S = O U N where О 
€ т and N is nowhere dense in (X, т). A mapping f: (X, т) — (У, 6) is called simply continuous 
[6] if the preimage f!(G) is simply open in (X, т) for each С є с. 

Each semi-open subset of a space (X, т) is simply open in (X, т) [21, Theorem 7]. Thus, 
any semi-continuous mapping is simply continuous. The converse is not the truth [6, Example 
1.1.2]. 

Lemma 3. /f a mapping f : (X, т) > (Y, с) is a-precontinuous and contra-continuous, then 
fS) e PC(X, т) for every simply open subset S of (Y, ©). 


Proof. Let S = О U М be simply open in (У, с) (О € т and N is nowhere dense). Then, 
f (8) = (О) о f (N) where U, = РКО) € c(X, т) and U, = РОМ) e PC(X, т) [4, Theorem 
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3.7]. Applying a dual equality to that of [39, emma 3.5] we obtain f1(S) = U, о U, > 
сі (шї (U,)) о cl(nt(U5) = cl(nt(U, Y Uj) = cl(nt(f!(S)). Therefore f1(S) є 
PC(X, +). 


Theorem 4. Let f : (X, т) (Y, с) and g : (Y, с) > (Z, v) be given mappings. If g is simply 
continuous, f is O.-precontinuous and contra-continuous, then g o f : (X, т) > (Z v) is contra- 
precontinuous. ^g 


Proof. It follows from Lemma 3. 


Theorem 5. Let a mapping f : (X, т) — (Y, 6) be a-precontinuous, continuous, contra- 
semicontinuous, and let (Y, б) be a T,-space. Then, for each y є Y and for each V € б such 
that y є int (cl, (V)) we have f (V о {у}) є ROQ, 1). 


Proof. Let V € о be arbitrarily chosen. Remark that if y € V, then up to continuity and contra- 
semicontinuity of f we get (У) є RO(X, 1). By a-precontinuity of f [4, Theorem 3.8] for 
every y € int,(cl,(V)) we have РУ о {у}) c int (cL (f (V v {у}))) = int(cl (^ (V)) о 
СУ) € LEKOH) о іп (1, (100) [2, Lemma 1.1.(b)]. Since f is continuous and 
(Y, c) is a T,-space, cl(£!((y))) = f (y). From contra-semicontinuity of f we infer that 
FOH Y int (cL (^ (9) c £V v yj). Hence clearly, £ (V U {y}) є RO(X, 1). 


Remark 1. Continuity and o-precontinuiuty are independent of each other [4, Examples 2.1 
& 2.2] 


Theorem 6. Assume an f : (X, т) > (7, с) has the following : for each y € Y and each V 
€ o with y € int,(cl,(V)), the preimage fJ (Vu {у}) is in RO (X, т). Then, f is u-precontinuous, 
continuous, and contra-semicontinuous. 


Proof. The a-precontinuity of f is clear by [4, Theorem 3.8]. Let V € с be arbitrary and let 
ye V. By f (V) e RO(X, т) it follows evidently that f is continuous and contra-semicontinuous. 


4. PRECONTINUOUS MAPPINGS 


It is known that each .a-precontinuous napping is precontinuous and that the converse is not 
true, in general [4, Remark]. Thus, results concerning precontinuous mappings hold also in 
the &-precontinuity case. Some of them are not mentioned in [4] the reader is advised to see 
for instance [29, Theorems 2.3 & 2.4 & 2.5]. 


We recall that for every two a.c.S. mappings f, f, from a space (X, т) into a Haus- 
dorff space (Y, o), the set (x € X : Aœ) = f(x)) is closed in (X, т) [24, Theorem 4]. This 
result is obviously true for any two mappings fj, f, with a stronger type of continuity than 
a.c.S. (see for instance [40, Diagram p. 249]), in particular for completely continuous mappings 
[3]. On the other hand, the following is evident. 
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Remark 2. A mapping f : (X, т) > (Y, С) is precontinuous and contra-semicontinuous if and 
only if it is completely continuous. 


Theorem 7. Let (X, т) be arbitrary, (Y, б) be Hausdorff, and let mappings fi, h : (X, 1) > 
(Y, o) be given. If f, is .-continuous and f, is precontinuous, then A = (x € X : fix) = f)) 
є PC(X, 7). 
Proof. Let х be any point of X \ А. Hence f(x) # f,(x) and since (Y, с) is Hausdorff, there 
exist sets Vi, V, € с such that fi(x) є И, f(x) є Vz, and V, à V, = 0. 

By Lemma 1 we have x € U, = qs (V) £ (V) є PO(X, т). We will show that 
U, c X V A. Suppose not. There exists a point x’ є U, such that x’ є A. Hence f(x’) = fj^) 
€ F}. This implies that x’ ef (Vos (V) = 9, a contradiction. Thus, the set X \ А is 
preopen and consequently 4 є PC(X, 1). 
Remark 3. (a) [25, Example 1] and [48, Example 2.1] show that precontinuity and a.c.S. are 
independent notions [23, p. 413]. 


(b) [39, Examples 3.9 & 3.10] show that o-continuity and a.c.S. are independent of each 
other. 


Ап analysis of the proof of Theorem 7 leads to the following slight improvement of 
[15, Theorem 2.6(1)]. We use the fact that in any (X, 1), if U € т and V € SO(X, т), then 
Un У e ЅО(Х, т) [32]. 
Theorem 8. Let (X, т) be arbitary, (Y, с) be Hausdorff, and fi, f, : (X, т) > (Y, o). If 
f, is @-сопйїпиоиз and f, is semi-continuous, then the set A = (x e X : f(x) = hE) є 
SC(X, т). 
Remark 4. (a) [21, Example 8] and [38, Example 4.1] show that semi-continuity and a.c.S. 
are independent of each other. 


(b) [37; Examples 2.3] shows that there exists an &-continuous mapping which is not 
continuous. Obviously, each continuous map is o-continuous. 


(c) [31, Examples 3.1 & 3.2] show that semi-continuity and precontinuity are independent 
of each other. 


If mappings f}, № : (X, т) > (Y, с) are both a-continuous (hence precontinuous), but 
the space (Y, С) is not Hausdorff, then the set 4 from Theorems 7 and 8 mut not be even 
semi-preclosed in (X, t). It is worth to see also [39, Theorem 4.9]. 


Example 1. Let X = (a, b, c) = Y t = (0, X, {b}, (a, b}}, and o = (0, Y, (a3). Define 
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fy f, : (X, уэ (У, с) as follows: fi(e) = b, f(a) = c, f (b) = hO) = (с) = ©) = a. Then 
f, and f, are a-continuous and the set (x € X : f(x) = f(x) = (5 с} € SPC(X, т). 
Using Theorem 8 and [15, Theorem 2.4] we slightly improve [15, Theorem 2.6(2)]. 
Corollary 3. Let (X, т) be arbitrary, (Y, с) be Hausdorff, and f, f, : (X, D > (Y, o). If f, 
is 0-continuous, f, is semi-continuous, and f, = f, on a dense subset of (X, т), then f, = f, 
on X. 
Definition 1. 4 subset S of a space (X, 7) is said to be p-dense in (X, т) if pel (5) = X. 
It is obvious that every subset p-dense in (X, т) is dense in (X, т), but the converse 
is not always true. 


Example 2. Consider the space R of all reals with Euclidean topology 1,, S = Q (Q the set 
of all rationals). By [2, Theorem 1.5(e)] we have pel, (5) = 5. 


The next result follows immediately from Theorem 7. 
Corollary 4. Let (X, т) be arbitrary, ТҮ, б) be Hausdorff, and f, h : (X, т) > (¥ o). If f, 


is &-continuous, f, is precontinuous, and f, = f, on a p-dense subset of (X, %), then f, = f, 
on X. 


Theorem 9. Let (X, т) be arbitrary and S є SO(X, т). Then S is p-dense in (X, т) if and 
only if S is dense in (X, т). 
Proof. Sufficiency. Apply [2, Theorem 1.5(e)] and [34, Lemma 2]. 
Theorem 10. Let f : (X, т) э (Y, о) be a precontinuous surjection. If a set S є SO(X, т) 
is dense in (X, t), then RS) is dense in (Y, б). 
Proof. [20, Proposition 3.1]. The reader is advised to compare the characterization (3) of 
precontinuous mapings given in [47, Theorem 6]. 
Theorem 11. Let f : (X, т) (Y, o1 be an a-precontinuous surjection. If a set S c X is 
p-dense in (X, т), then f(S) is dense in (Y, o). 
Proof. This follows from Theorem 143). 

A pace (X, т) is called a Z-space [22] if each nonempty set V € т is dense in (X, т). 
By [22, Theorem 1] and [49, Theorem 17], being a Z-space, S-connectedness (X connot be 


expressed as the union of two nonempty disjoint semi-open subsets), and irreducibility are 
equivalent. 


A space (X, Т) is said to be submaximal if for every dense subset S of (X, 1) we have 
SET - 
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Theorem 12. Let (X, т) be a D-space and (Y, с) be submaximal. If a surjection f : (X, т) 
3 (Y, ©) is precontinuous then f is open. 


Proof. [20, Proposition 3.1] or [47, Theorem 6]. 
Mashour et al. [28, theorem 1] established the following characterization of precontinuous 


mappings: f : (X, т) (Y, о) is precontinuous if and only if f(cL(int.(U))) с cl ((U)) for 
every U c X. By this and by [2, Theorem 1.5(e)] one easily obtains the following. 
Lemma 4. Let (X, т) and (Y, с) be any spaces. A mapping f : (X, X) > (Y, ©) is precontinuous 
if and only if fpcl(U) с cl ((U)) for every U с X. 

Theorem 13. Let f : (X, т) — (Y, 0), i = 1, 2, be (X, т) be precontinuous surjections. If 
a set Sj x S, с X, x X, is p-dense in (X, х X, 1, х т,) then the products image (S, х 
$5) is dense in (Y, x Y), o, х 64). 


Proof. Let a set S| х S, C Ху x X» be p-dense in X, x X». Utilizing [12, Lemma 5.2] and 


Lemma 4 we get Y, x Y, = Apel(S, х 5$) с (pet, (S,)xpel,, (s,)) z Ape, (s,)) 


x (вч, (5) etn) ха.) - a rS) 


Theorem 14. Let (X, t) be Z-spaces and (Y, 6,) be submaximal, i = 1, 2. If mappings 
f : (X, т) > (Y, с) are precontinuous surjections then the product mapping f is open. 
Proof. Without difficulties we infer from [28, Theorem 1] that AU, х U5) є o, x ©, for any 
U, € т, О, € т; a calculation is similar to that in the proof of Theorem 13. 

A space (X, т) is said to be B-connected [44] if X cannot be expressed as the union 
of two nonempty disjoint semi-preopen subsets of (X, т). A space (X, т) is B-disconnected if 
it is not B-connected. 

Definiton 2. A mapping f : (X, т) > (Y, о) is said to be P-open if KV) є о for each Ve 
PO(X, т). 

Recall that Jankovic [20] calls a mapping p-open if it preserves preopen sets. Obviously 
each Z-open mapping is open, but these concepts are strictly distinct. 

Example 3. Let X = (a, b, c) тат = (9, (a, b, с), {а}, (5, c3). The identity mapping 
id : (X, т) — (X, т) is open but not Z-open, because id ({Ь}) = {b} є т. 
Theorem 15. Let (X, т) be B-connected and (Y, с) be submaximal. If f : (X, т) > (Y, o) is 


a precontinuous surjection then it is ®-open. 


Proof. We use [18, Theorem 3.1(2)] and Lemma 4. G-146G096 
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We complete characterizations of B-connected spaces given in [18, Theorem 3.1] (see 
also [43]) with the following. 


Theorem 16. For any space (X, %) the following are equivalent: 
(D (X, т) is B-connected; 
(2) pint (pcl(V)) = X for each nonempty V є PO(X, 1); 
(3) spint (pcl(V)) = X for each nonempty V є SPO(X, т); 
(4) pint (spel(V)) = X for each nonempty V є PO(X, т); 
(5) spint (spcl(V)) = X for each nonempty V є SPO(X, 1). 
Proof. Use respective parts of [18, Theorem 3.1] 
Lemma 5. Jn every topological space (X, т) and for any W c X we have 
` (а) pel(pint7)) e SPO(X, т), 
(b) pel,(spint,(¥)) є SPOCK, т), 
(с) spel(pint,(W)) € SPO(X, т). 
Proof. (а) By [2, Theorem 1.5(e)] we have what follows. 
cl(int(cl(pel(pint(W))))) = cl'int(c(pint(W) U cl(nt(pint(W)))))) 
= ckint(cl(pint(WF)))) о cl(int(pint(W))) 
> pint(W) v cl(ünt(pint(W))) = pcl(pint(W)), 
because pint (W) є PO(X, т). 
(b) By [2, Theorem 1.5(e)] we get 
cl(int(cl(pel(spint(W))))) = cl(int(cl(spint(W) U cK(int(spint(9)))))) 
= el(int(cl(spint(W)))) о cl{int(spint(W))) 
2 spint(W) U cl(int(spint(W))) = pcel(spint(W)). 
(c) Applying [2, Theorem 2.15] we obtain 
cl(int(cl(spel(pint(W))))) = cl(int(cl(pint(/W) u int(cl(int(pint(W))))))) 
= ek(int(cl(pint(W)))) о cl(int(pint(W)))) 
D pint (W) U int(cl(int(pint(W)))) = spel(pint(JF)). 


Theorem 17. Let (X, т) be B-disconnected. Then, the space X allows the following partitions 
[9, p.13]: | . 
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(a) {pint(pcl(S)), pel(pint(X | 5))} c SPO(X, т) for a certain nonempty S є PO(X, т), 
(b) ípint(spcl(S)), pel(spint(X \ .5)) c SPO(X, т) for a certain nonempty S є 


PO(X, т), 

(c) {spint(pcl(S)), spcl(pint(X \ S} c SPO(X, т) for a certain nonempty S є 
SPO(X, т), 

(d) {spint(spcl(S)), spel(spint(X \ $)) c SPO(X, т) for a certain nonempty S є 
SPO(X, +). s 


Proof. (a) From B-disconnectedness of (X, т) and from Theorem 16(2 we infer that there 
exists a nonempty 5 € PO(X, т) such that U, = pint(pcl(S)) = X. Obviously О є 
SPO(X, т). We shall show that U, # 0. Suppose not. By [2, Theorem 1.5(f)] We get 0 = 
pel(S) ^ int(cl(pcl(S))). Applying [39, Lemma 3.5] Lemma 3.5] we have 0 = int(cl(pcl(5))) 
> $ and so 5 = 0. A contradiction. Put now U, = X Y pint(pcl($)) = pel(pint(X X 5)). Clearly, 
X # О, * 0 and by Lemma 5(а), U, є SPO(X, т). 


Proofs for (b) — (d) are similar to the above. We use respective parts of Theorem 16, 
Lemma 5, and [18, Lemma 3.1]. 


(b) We shall show only that U, = pint(spcl(S)) + 0, where a nonempty 5 є PO(X, т) 
is such that U, # X. Suppose not. By [2, Theorem 1.5(f)] and [39, Lemma 3.5] we obtain 
р = spel (S) ^^ int(cl(spel(S))) = int(cl(spel(5)). So, 9 = cl(int(cl(spcl(S)))) > spel (5) 
[18, Lemma 3.1(2)], a contradiction. 

(c) We shall show only that U, = spint (pcl(S)) * 0, where a nonempty $ є 
SPO(X, т) is such that U, # X. Suppose not. By [2, Theorem 3.21(a)] we have g = spint 
(pcl(S)) > spint (spcl(S)) > S, a contradiction. 

(d) Let U, = spint (spcl(S)), where a nonempty 5 є SPO(X, т) is such that U, + X. 
Suppose О, = Q. Then @ = spint(spcl(S)) > 5 [2, Theorem 3.21(a)], a contradiction. 
Corollary 5. Jf an f : (X, т) > (Y, 0) is a not Р-ореп precontinuous surjection and (Y, с) 
is submaximal, then X allows the partitions (a) — (d) from Theorem 17. 


Proof. By Theorem 15. 

Definition 3. 4 mapping f : (X, т) > (Y, o) is said to be рге-0-ореп if RS) є 0% for each 
Se т, 

Theorem 18. Let a mapping f : (X, т) (Y, с) be open and precontinuous. Then it is pre- 
о-ореп. 

Proof. Let a set А є 1* be arbitrarily chosen. By [39, Lemma 4.12(1)] there exists а U e 
t such that U c A с int,(cl,(U)). Since f is open, it follows from [36, Lemma 1.4] that 
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Aint (cl (V))) c int (Kel Cint(cl(U))))) = int,(Acl(U))). Since f is precontinuous, 
int (081,00) c int,(cl,(AU))) [47, Theorem 6.(3)]. Finally, we obtain ДЇ) c ДА) c 
int,(cl ,(AU))) and hence, by [39, Lemma 4.12(1)], ДА) є с". 

The notions of openness and pre-a-openness are independent of each other. 
Example 4. (a) Let X = (a, b, c), t= (0, X, (aj), and 6 = (0, X, {a}, (b c}}. Then, 
the identity mapping id : (X, т) — (X, о) is open, but it is not pre-X-open since id((a, b}) 
ё Са, 

(b) Let X = (a, b, c), t= (0, X, (a, b}}, and o = (0, X, {a}}. Then, the identity mapping 
id : (X, т) > (X, ©) is pre-a-open and not open since id ({а, b}) € o. 

A mapping / : (X, т) > (Y, с) is said to be weakly open [46] (resp. preopen [28]) if 
KU) c int Acl (U) (resp. KU) є РО(У, o)) for every set U є т. Each pre-a-open mapping 
is preopen, but the converse doesn't hold (Example 4(a)). 


Theorem 19. If f : (X. т) (Y, o) is weakly open and precontinuous, then it is preopen. 


Proof. Let U € т be arbitrary. By [47, Theorem 6(3)] we have QU) c int (f(cl(U))) c 
intc(cl (RU). 
In (47, Theorem 11], it is shown that preopenness and the so-called а.о. W. property [50] 


are equivalent notions. Recall that weak openness and a.o.W. are independent of each other 
[36, p. 315]. 


5. a-IRRESOLUTNESS OF MAPPINGS 


A mapping f: (X, т) > (Y, с) is said to be semi-open [5] (resp. almost open in the sense 
of Singal and Singal [48] or briefly a.o.S.) if KU) є SO(Y, o) (resp. KU) є с) for every 
set Ue т (resp. U e RO(X, т)). The concepts of preopenness, semi-openness, and a.o.S. are 
pairwise independent [36]. 

Lemma 6. Jf an f : (X, т) > (Y, ©) is preopen and precontinuous, then for each set S є o* 
there exists a О, є o with ` 

(5) FU) c FMS) c inte 1 (U))). 


Proof. Let an $ є o“ be arbitrarily chosen. Ву [39, Lemma 4.12(1)] there exists a set U, 
€ с such that U, c 5 с int,(cl,(U,)). Since f is precontinuous, using [47, Theorem 11] we 
obtain 


f Cint (cl (U) c int (cL, (f! (cl, (U)))) c int.(cl(£! (U,))). 
This completes the proof. 
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Lemma 7. If an f : (X, т) — (Y, ©) is semi-open and precontinuous, then for each set S € 
o” thee exists а О. e с that satisfies -(5). 


Proof. Let ап 5 є 6°. By [39, Lemma 4.12(1)] there exists a set U, є © such that О с 5 
C int,(cl,(U,)). Since f is precontinuous, we have 


f Cint (cl (CUY c їп (сї C (int, (cl, (U,)))). 
It follows by [39, Lemma 4.14] (or by [2, Theorem 1.5(a)]) that f (int, (cl, (CUD с 


int,(cl,(f (scl, (U,)))). From [33, Theorem 2] we infer that f" (int, (cI (CU) c int,(cl,(f-(U,)). 
Inclusions f1(U,) c f1(S) c int(cl.(f1(U,))) complete the proof. 


Lemma 7 slightly improves a respective part of the proof of [39, Theorem 4.16]. 


Lemma 8. Jf a bijection f : (X, т) — (Y, 0) is a.o.S. and precontinuous, then for each set 
5 є 6% there exists a U, є б that satisfies (5). 

Proof. Let an 5 є С“. There exists a set О, € 6 such that О, c 5 с int,(cl,(U,)). We have 
РУО) c clint (cl (f (U,)))) since by hypothesis f1(U,) є PO(X, т) c SPO(X, т). Put 
F=Y\ fX Vcl(nt(cl(£!(U)))) Hence ДХ \ ЁО) > ДХ \ clint (el (^ (U,)))) = 
Y X F. It implies that F > Y \ (ДХ) = U, The set F is closed in (Y, б), because 
cl, (іле (cl (£1 (U,))) € RC(X, т) and f is а.о.5. Thus, cl,(U,) c Е. Furthermore, we have 
FF) = clint (сі (F1 UD). Finally, we obtain F(U) c FO c f(int(cl(U))) c 
int (cl (f (int; Cl UY c int (с (^ (cl,(U)))) c intel) = int cl (7 (U,)). This 
completes the proof. 


Every &-irresolute mapping is semi-continuous but even a continuous mapping must not 
be a--irresolute [27, Example 1]. Every a-irresolute mapping is precontinuous and the converse 
is not necessarily true [4, Remark]. 


Theorem 20. Let a mapping f : (X, т) > (Y, с) be precontinuous, semi-continuous (equiv. 
a-continuous [39, Theorem 3.2]), and let f be either 


(a) preopen or 
(b) semi-open [39, Theroem 4.16]. 
Then f is a-irresolute. 
Proof. Consider by turns the inclusions (5) from Lemmas 6, 7: 
ГО) c FO) с int(cl (Еу), 


where S € o% and О. є o. Since fis semi-continuous, cl, (f (U.)) = cl, (int, (f! (U,))) [34, Lemma 
2]. Thus . 
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int AU) c FS) c int Cl Cint (fiU). 
By [39, Lemma 4.12(1)], f is a-irresolute. 


Remark 5. Obviously, Lemmas 6, 7 and Theorem 20 hold if we replace "precontinuous' by 
‘a-precontinuous’. In [4, Examples 2.1 & 2.2] it has been shown that a-precontinuity and semi- 
continuity are independent notions. 


Noiri has established that each a.o.S. and a-continuous mapping is c-irresolute [39, 
Theorem 4.13]. Since the proof of this result is not clear (on a certain stage), we shall prove 
it in a different way. 


Lemma 9. For a mapping f : (X, т) > (Y, o) the following statements are equivalent: 
(a) f is a-irresolute. 
(b) а! (4)c Cl a (f(A) for each A c X. 
(c) fekKint(cl(4)))) c d, (f(A)) for each A c X. 
Proof. (а) & (b). Obvious. 
(b) < (c). Apply [2, Theorem 1.5(c)]. 
Proof of [39, Theorem 4.13]. We have f(cl(int(cl(A)))) c cl(f(A4)) for each subset 4 c X, because 
f is a-continuous [30, Theorem 1.1(iv)]. Since f is a.o.S., we get 
el(Kint(cl(4))) c cl(nt(f(el(int(cl(4))))) c cl(nt(cl(f(A)))). 


Utilizing [30, Theorem 1.1(iv)] once more, one easily obtains that fcl(int(cl(4)))) с 
el(int(cl(f(4)))) U ДА) for each А c X. So, by [2, Theorem 1.5(c)] and Lemma 9(c), f is 
Q-irresolute. 


6. HAUSDORFFNESS AND NORMALITY OF SPACES 


Definition 4. 4 topological space (X, т) is said to be p-Hausdorff if for each pair of distinct 
points x, y є X there exist disjoint sets U, О, € PO(X, т) with x e U, and y € Uy 


Each Hausdorff space is p-Hausdorff. The converse is false in general, as the following 
example shows. 


Example 5. Consider a space (X, т) where X = (a, b, c) атат = ($, X, {a}, fb, c). 


The concepts of p-hausdorffiness and the so-called semi-Hausdorffness [26], are 
independent of each other. It is evident by Example 5 and [26, Example 4.1]. 
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Theorem 21. Let f : (X, т) > (Y, ©) be a precontinuous injection. If (Y, б) is Hausdorff then 
(X, т) is p-Hausdorff 


Proof. Omitted. 

The results we complete this section with, hold also in some other cases; in particular, 
for completely continuous mappings (see Remark 2 and [40, Diagram p.249)). 
Theorem 22. /f f : (X, т) (Y, o) is an a.c.S. injection and (Y, ©) is Hausdorff, then 
(X, т) is Hausdorff. 
Proof. Use [48, Theorem 2.2(b)] and [10, Lemma 4]. 
Lemma 10. 4 Hausdorff space (X, т) is normal if and only if for each pair of disjoint sets, 
Еу, Fa € c(X, 1) there exist disjoint U,, U, € RO(X, т) with Fi c U, and F} C Up 
Proof. Similar to that of [10, Lemma 4]. | 
Theorem 23. Let f : (X, т) > (Y, 6) be an а.с.$. closed injection. If (Y, с) is normal then 
(X, т) is normal. 
Proof. Use [48, Theorem 2.2(b)] and Lemma 10. 


Recently, the author has introduced the concept of closed-open mappings [10, 
Definition 1]. 
Definition 5. 4 mapping f : (X, t) (Y, o) will be called closed-o.-open if the image ДЕ) 
є o for each Е € c(X, 7). : 

Each closed-open mapping is closed-o.-open. The converse doesn't hold. 
Example 6. Let X = (a, b, c}, x = (9, X, {a}}. Define the f : (X, т) — (X, т) via 
Ка) = c, fib) = a. fic) = b. Then, f is closed-a-open but not closed-open, because f((b, с}) 
є т®\т. 
Theorem 24. Let f : (X, т) > (Y, 0) be an a.c.S. closed-a.-open injection. If (Y, o) is Hausdorff, 
then (X, т) is normal. 
Proof. Hausdorffness of (X, т) is clear by Theorem 22. Let F, F,€ c(X, т) be disjoint. We 
have ҚР) ^ RFQ) = 9 and there exist sets С, € © such that G, c ДЕ) с int,(cl,(G,)), i 
= 1, 2 (39, Lemma 4.12(1)]. Since G, N G, = 0, it follows that 

int (cl (G) с int (cl (G) = 0— 

The sets U, = int,(cl,(G,)) € RO(Y, с), i = 1, 2. Therefore, we obtain for both ?s that 
Fc fU) є т [48, Theorem 2.2(b)] and fU) N f'U) = @. This shows that (X, Т) is 


normal. 
Ec 
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WEAKLY CONTRA-B-CONTINUOUS FUNCTIONS AND 
STRONGLY SB-CLOSED SETS 


C. W. BAKER 


ABSTRACT : A new form of contra-B-continuity, called weak contra-B-continuity, is introduced. We 
show that this class of function is weaker than most forms of B-continuity and contra-continuity, but 
that the class still has interesting properties. The notion of a strongly SB-closed space is defined and 
conditions are established under which the weakly contra-B-continuous image of a strongly SB-closed 
space is compact. Various properties of strongly SB-closed spaces are investigated. For example, we show 
that every strongly SB-closed is the B-closure of a finite set. 


Key words and phrases : contra-continuity, B-continuity, contra-B-continuity, weakly contra-B-continuity, 
nearly compact spaces, strongly SB-closed spaces. А 
2000 Mathematics Subject Classification: 54С10, 54D10. 


1. INTRODUCTION 


The notion of a B-continuous function was introduced by Abd El-Monsef, et al. [1] in 1983. 
Over the intervening years many variations of B-continuity have been developed. For example, 
Noiri and Popa [16] developed the concept of weak f-continuity in 2000 and Noiri [15] 
introduced slightly B-continuous functions in 2001. Also much work has been done on the 
notion of contra-continuity and its variations. Contra-continuity was developed by Dontchev 
[8] in 1996. Dontchev investigated relationships between contra-continuity and coverings of 
spaces by closed sets. Specifically he defined the notion of a strongly S-closed space and 
developed conditions under which contra-continuous images of S-closed and strongly S-closed 
spaces are compact. Caldas and Jafari [6] introduced contra-f-continuity in 2001 and Jafari 
and Noiri [10] developed contra-precontinuity in 2002. Recently Baker [3, 4, 5] introduced 
contra-almost [.-continuity, weak contra-continuity and weak contra-precontinuity. The purpose 
of this note is to introduce a form of contra-continuity, which we call weak contra-B-continuity, 
and to investigate relationships between weak contra-beta-continuity and covers of spaces by 
B-closed sets. We show weak contra-B-continuity is weaker than B-continuity, contra-D- 
continuity and weak contra-precontinuity but stronger than slight B-continuity. The concept of 
a strongly SB-closed space is developed and conditions are established under which weakly 
contra-B-continuous images of strongly Sp-closed spaces and nearly compact spaces аге 
compact. 
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2. PRELIMINARIES 


The symbols X and Y represent topological spaces with no separation properties assumed unless 
explicitly stated. All sets are considered to be subsets of topological spaces. The closure and 
interior of a set A are signified by СҚА) and Int(A), respectively. A set A is regular open 
(respectively, B-open [1], о-ореп [14], semi-open [11], preopen [13]) provided that 4 = 
Int(Cl(A)) (respectively 4 c Cl(Int(Cl(A4))), 4 c Int(Cl(Int(4))), 4 c Cl(Int(4))), А c Int(Cl(A))). 
A set is regular closed (respectively, B-closed, a-closed, semi-closed, preclosed) if its 
complement is regular open (respectively, В-ореп, a-open, semi-open, preopen). The B-closure 
of a set A, denoted by ВСКА), is the intersection of all B-closed sets containing A. The preclosure 
of a set A, denoted by pCI(A), is defined analogously using preclosed sets. 


Definition 1. A funcrion f : X —' Y is said to be contra-continuous [8] if f! (V) is closed 
for every open subset V of Y. 

Definition 2. 4 function f : X — Y is said to be B-continuous [1] if f (V) is B-open for every 
open subset V of Y. 


Definition 3. A function f : X — Y is said to be contra-B-continuous [6] if f (V) is B-closed 
for every open subset V of Y. 


Definition 4. 4 fimction f : X — Y is said to be weakly contra-continuous [4] provided that, 
whenever A c V c Y, A is closed in Y, and V is open Y, then Cf *(4)) с f V). 

Definition 5. 4 fumction f : X — Y is said to be weakly contra-precontinuous [5] provided 
that, whenever A c V c Y, A is closed in Y, and V is open in Y, then pCKf (Ау) c f£ (V). 


Definition 6. A function f : X — Y is said to be slightly B-continuous [17] provided that, for 
every х €- X and every clopen subset V of Y containing f(x), there exists a B-open subset U 
of X such that x e U and ҚО c V. 


3. WEAKLY CONTRA-B-CONTINUOUS FUNCTIONS 


We define a function f : X — Y to be weakly contra-B.-continuous provided that, if 4 œ V 
с L with A closed in Y and V open in Y, then BCI(£-!(4)) c РКУ). Since BECIA = 
f (4) u Int(Cl(Int(f-!(4)))), we have the following characterization of weak contra-B-continuity. 
Theorem 3.1. 4 function f : X — Y is weakly contra-B-continuous if and only if, whenever 
A is a closed subset of Y, V is an open subset of Y, and A c V, then Int(ClInt(f ANY c 
fV). 

Theorem 3.2. /f f : X — Y is B-continuous, then f is weakly contra-B-continuous. 


Proof. Assume f : X — Y is B-continuous and let 4 c V c ¥ with 4 closed in Y and У open 
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in Y. Then, since /1(4) is B-closed, we have BCI(f-1(4)) = f (4) c f (V), which proves that 
f is weakly contra-B-continuous. 


Theorem 3.3. If: X 5 Y is contra-B-continuous, then f is weakly contra-B-continuous. 
Proof. Assume f : X — Y is contra-B-continuous and let A с V c Y, with А closed in Y and 
V open in Y. Then, since f is contra-B-continuous, f1(V) is B-closed. Therefore BCI(f-!(4)) 
с BCFI) = £(F) and hence f is weakly contra-f-continuous. 

Since contra-B-continuity and B-continuiy are independent [6], it follows that weak 
contra-B-continuity does not imply either B-continuity or contra-B-continuity. 

The following result is a partial converse of Theorem 3.3. 


Definition 7. 4 function f : X — Y is said to be subcontra-[-continuous provided there exists 
an open base © for the topology on Y such that f (V) is B-closed for every V € ®. 


Recall that a space is called zero dimensional provided it has a clopen base. 


Theorem 3.4. /f f : X — Y is weakly contra-[-continuous and Y is zero dimensional, then 
f is subcontra-B-continuous. 


Proof. Let 2 be a clopen base for Y and let B є @. Since f is weakly contra-B-continuous, 
we see that ВСК (Я) c f'(B) and hence that f-!(B) is B-closed. 

Since ВСА) c pCI с СҚА) for every set A, weak contra-continuity => weak contra- 
precontinuity => weak contra-B-continuity. From [5] weak contra-precontinuity does not imply 
weak contra-continuity and the following example shows that weak contra-[.-continuity does 
not imply weak contra-precontinuity. 


Example 3.5. Assume the space X = (a, b, c) has the topologies б = (X, 0, (a), {5}, 
(e b) апат = (X, & (b), (a, b}, (b, c}}. Then the identity mapping f : (X, с) ^ (X, т) 
is weakly contra-B-continuous but not weakly contra-precontinuous. 

Theorem 3.6. If f: X — Y is weakly contra-B-continuous, then f is slightly B-continuous. 


Proof. Let V be a clopen subset of Y. Then we have V c; V c Y and, since f is weakly contra- 
B-continuous, BCKf-1(V)) c (Р). Therefore f-!(V) is B-closed, which proves that f is slightly 
B-continuous. 


The following example shows that the implication in Theorem 3.6 can not be reversed. 
Example 3.7. [5] Let X denote the real numbers, let с = (X, 0, {0}}, and let т be the usual 
tepology on X. Since (X, т) is connected, the identity mapping f : (X, 6) > (X, т) is slightly 
B-continuous. However, since (0) с (—1, 1) c (X, т) with (0) closed and (-1, 1) open, but 
BEIO g FCI, 1), f fails to be weakly contra-B-continuous. 
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We have the following implications, none of which are reversible: 


Weak contra-continuity 
4 


weak contra-precontinuity 


B-continuous = weak contra-B-continuous = slight B-continuity 


f 


contra-f-continuity 


We now investigate relationships between weak contra-B-continuity and various forms 
of B-continuity and a type of generalized B-continuity. 

Definition 8. 4 function f : X э Y is said to be contra-almost f-continuous [3] provided 
that f (V) is B-closed for every regu'ar open subset V of Y. 

Recall that a space is extremally disconnected (briefly an ED space) provided that closures 
of open sets are open. 
Theorem 3.8. If f: X — Y is weakly contra-B-continuous and Y is an ED space, then f is 
contra-almost Q-continuous. 
Proof. Let V be a regular open subset of Y. Since Y is an ED space, F is also closed. Then, 
because f is weakly contra-B-continucus, ВСК (И)) c f (V). Therefore f (V) is B-closed, 
which proves that f is contra-almost 3-continuous. 
Definition 9. A function f : X — Y is said to be weakly B-continuous [17] provided that, for 
every x € X and every open subset V of Y containing f(x), there exists a B-open subset U 

‘of X with x є U such that RU) c CXV). 


Since contra-almost B-continuitv implies weak f-continuity [3] we have the following 
corollary. 
Corollary 3.9. /f f : X — Y is weakly contra-B-continuous and Y is an ED space, then f is 
weakly B-continuous. 
Definition 10. A subset A of a space X is said to be generalized B-closed (briefly gB-closed) 


(also called generalized semi-preclosed) [7] provided that BCI(A) с О whenever A с О and 
U is open. 

Definition 11. А function f : X Y is called generalized f-continuous (briefly gB-continuous) 
(also called gsp-continuous) [7] if f (V) is gB-closed in X for every closed subset V of Y. 
Definition 12. А function f : X — Y is said to be approximately B-continuous (briefly aß- 

continuous) provided that ВСА) c f (V) whenever V is open in Y, A is gf-closed in X, and 
4c f 0. 
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Theorem 3.10. 7f f : X — Y is gB-continuous and aB-continuous, then f is weakly contra- 
B-continuous. 


Proof. Assume А c; V c Y, where А is closed in Y and V is open in Y. Since f is gB-continuous, 
f (4) is gB-closed. Thus, because f(A) c f- (V) and f is aB-continuous, BCK(f-1(4)) c f (V), 
which proves that f is weakly contra-B-continuous. 


Theorem 3.11. // f : X — Y is weakly contra-B-continuous and images of gf-closed sets are 
closed, then'f is aB-continuous. 


Proof. Let V be an open subset of Y, and let A be a gf-closed subset of X such that A c 
f (V). Then ДА) is closed, and ДА) c И Since f is weakly contra-B-continuous, BCAA) 
c f (V). Then we have BCI(A) c ВСА) с (Р), which proves that f is aB-continuous. 


4. STRONGLY Sp-CLOSED SETS 


Thompson [19] defines a spaces to be S-closed provided that every cover of the space by semi- 
open sets has a finite subfamily, the closures of whose members cover the space. From [9] 
a space is S-closed if and only if every cover of the space by regular closed sets has finite 
subzover. Dontchev [8] defines a space to be strongly S-closed provided that every cover of 
the space by closed sets has a finite subcover. Here we investigate the analogous definitions 
for B-closed sets. 


Definition 13. 4 space X is said to be nearly-compact [18] if every open cover of X has a 
finite subfamily such that the interiors of its closures cover X or equivalently if every cover 
of X by regular open sets has a finite subcover. 


The following characterization of near-compactness will be useful. 
Lemma 4.1. A set U is О-ореп if and only if BCI(U) = In((Cl(Int(U))). 


Theorem 4.2. А space X is nearly-compact if and only if every cover of X by Q-open sets 
has a finite subfamily, the B-closures of whose members cover X. 


Proof. Assume X is nearly-compact. Let C be a cover of X by a-open sets. Then for every 
Ue 0, Ug Int(CI(Int(U))). Therefore {Int(Cl(Int(U))) : U є 6} is a cover of X by regular 
open sets and hence has a finite subcover {Int(Cl(Int(U,))) : i = 1, ..., n). It then follows from 
Lemma 4.1 that (BCI(U) : i = 1, ..., n} is a cover of X. 


Assume that every cover of X by &-open sets has a finite subfamily, the B-closures of 
whose members cover X. Let 6 be a cover of X by regular open sets. Then, since Ó is a cover 
of X by a-open sets, there exists a finite subfamily (U, : i = 1, ..., п} such that (BCI(U) 
:i= 1,...‚ n) is a cover of X. However, since regular open sets are B-closed, BCU) = О. 
Hence (U, : i= 1, ..., n) is a finite subcover of б, which proves that X is nearly-compact. 
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Definition 14. A space X is said to be strongly SB-closed if every cover of X by B-closed 
sets has a funite subcover. 

Theorem 4.3. Jf X is strongly SB-closed, then X is nearly-compact. 

Proof. Let б be a cover of X by a-open sets. Then for every Ue б, Uc int(Cl(Int(U))). 
Therefore (Int(Cl(Int(U))) : U є б} is a cover of X. It then follows from Lemma 4.1 that 


{BCI(U) : Ue 0) is a cover for X by B-closed sets. Since X is strongly SB-closed, there exists 
a finite subcover {BCI(U,) : і = 1,.., п} and hence by Theorem 4.2 X is nearly compact. 


"Remark 4.4. Our original intention was to use the condition given in Theorem 4.2 as a definition 
of SB-closed. However, this condition turned out to be equivalent to the already defined notion 
of near-compactness. 


We have the following implications: 
strongly SB-closed = strongly S-closed = S-closed 
4 

nearly-compact 

The following examples show that none of the above implications are reversible. 
Example 4.5. Let X denote the real numbers with the topology t = (Uc X:0 e Uor U 
= X}. Since {{x, 0} : x # 0} is a cover of X by regular closed sets with no finite subcover, 
X fails to be S-closed. However, since X is compact, X is also nearly-compact. 
Example 4.6. Let X denote the real numbers with the indiscrete topology. Obviously X is strongly 
S-closed. However, since every subset of X is f-closed, X is not strongly SB-closed. 

Finally, Dontchev [8] established that strongly S-closed is strictly stronger than S-closed. 


Next we investigate the relationship between strong SB-closure and compactness. Since 
Dontchev [8] showed that strong S-closure is independent of compactness, it follows that 
compactness does not imply strong SB-closure. The following example shows strong SB-closure 
is, indeed, independent of compactness. 


Example 4.7. Let X denote the real numbers with the topology т = (Ug X:0€ Uor О 
= ф}. Since the B-closed sets coincide with the closed sets, X is strongly SB-closed. However, 
X is not compact, since the open cover {{x, 0) : x # 0} has no finite subcover. 

Theorem 4.8. Jf X is strongly SB-closed, there exists a finite set S such that X = BCI(S). 


Proof. The collection {BCI({x}) : x e X) is a cover of X by B-closed sets. Since X is strongly 
SB-closed, there exists a finite subcover {BCK({x,}) : i = 1, ..., п). Then X= v" ВСЦх } c 
ВСІ({х;, х),...х„}). 

If we add the hypothesis that no singleton set of X be open to Theorem 4.8, then the 
singleton sets are B-closed and we obtain the following result. 
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Theorem 4.9. A strongly SB-closed space in which the singleton sets are not open is finite. 
The proof of the following theorem is straightforward. 


Theorem 4.10. // f : X — Y is contra-B-continuous and X is strongly Sf-closed, then RAX) 
is compact. 


Definition 15. 4 space X called a C-space provided that, for every open set U of X and every 
x € U, there exists a closed set A such that x є Ас U. 


Theorem 4.11. Let f : X — Y be weakly contra-D-continuous, and let Y be a C-space. If X 
is strongly SB-closed, then f(X) is compact. 


Proof. Let б be an open cover of AX) by open subsets of X. Let y є AX) and V, E 6 such 
that y e V, Since Y is a C-space, there exists a closed set 4, such that y € A, & V, Because 
f is weakly contra-B-continuous, BCI(f1(4,)) c f (V). Then we see that {ВС (4, )) ye 


AX} is a cover of X by B-closed sets. Since X is strongly SB-closed, there exists a finite subcover 


{pa ул, )) i=l, 0). It follows that Ui = 1, 25и) is a finite subcover 


of 3 and hence that f(X) is compact. 


Definition 16. 4 function f : X Y is said to be contra-a-continuous if, for every open set 
V of Y, (V) is a-closed. 


Theorem 4.12. Let f : X — Y be weakly contra-B-continuous and contra-0.-continuous and 
assume that Y is a C-space. If X is nearly-compact, then f(X) is compact. 


Proof. Let 0 be an open cover of AX) by open subsets of X and let y є AX). Then let Ё, 
€ 3 such that y € V, Since Y is a C-space, there exists a closed set А, such that y € 4, 
cv, Since f is contra-o.-continuous, fA) is a-open. It follows that the family 06 (4) : 
ye fX)} is a cover of X by a-open sets. Since Y is nearly-compact, by Theorem 4.2 there 


exists a finite subfamily | alee ) і = Len) such that X — Ut во $4 )). 


Because f is weakly сопіта-В-сопіпиоиѕ, Be f а )) E f AY, ) for every i. Thus 


Ui - fran] is a finite subcover of б and we see that RX) is compact. 


Remark 4.13. The combination of weak contra-B-continuity and a C-space for a codomain 
does not imply contra-B-continuity. Consider the identity mapping on the real numbers with 
the usual topology. 
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CROSSING AND THICKNESS OF SPECIAL TYPE OF 
NON-PLANAR GRAPH 


ANUPAM Dutra, BICHITRA KALITA, HEMANTA К. BARUAH 


ABSTRACT : In this paper, we have constructed some non-planar graphs from the TEEP graph and 
studied various properties of them, relating to the thickness and crossing. In addition to this, the edge- 
disjoint Hamiltonian circuit of the non-planar graphs has been discussed. 


AMS Subject-Classification: 05C30, 05C45, 05c62, 05c83 (MSC 2000) 


1. INTRODUCTION 


The thickness and crossings of non-planar graph play very important role in case of printed 
circuit board. It is important to minimize the wire crossings in case of VLSI design technology, 
particularly in circuit layout process. There are graphs, namely Hyper graph, clique graph, 
interval graph, circuit graph etc. which are directly or indirectly related with VLSI design 
in floor plan. [12]. Many problems in this area are still remaining unsolved. It is known 
that the thickness and crossing of a planar graph is one and zero respectively. The thickness 
and crossings of a few non-planar graphs have been found [1-7]. Recently Kalita B, [8] found 
a set of non-planar graph, and studied the maximum and minimum number of crossings. He 
further cited some examples with corssings of non-planar graph. The upper bound of crossing 
of complete graph Km and bipartite graph Km, n is found by the theorem (11.23) [13]. The 
problem of finding the crossings and thickness of an arbitrary non-planar graph is not found 
till today. There are some particular types of graphs in which crossings and thickness can 
te found. 


In this paper, we have developed some non-planar graphs and studied the crossings 
and thickness of them. The non-planar graphs have been constructed from TEEP graph 
[8,14]. The paper is organized as follows. In section 1, we have explained some works 
of crossing and thickness of graph. In section 2, the notation and terminology are considered. 
The definition and construction of non-planar graphs are included in section 3. Section 
4 contains the theoretical explanation and properties. The conclusion is included in 
section 5. 
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2. NOTATIONS AND TERMINOLOGY 


The notation and terminology are considered from the standard reference [1-14]. The thickness 
and crossings of non-planar graph С are denoted by Ө (С) апа Ф (С). The maximum and 
minimum degrees are denoted by A and д respectively. 


3. DEFINITION AND CONSTRUCTION OF NON-PLANAR GRAPH 


Before going to construct the non-planer graph from TEEP graphs, we remind the definition 
of crossings and thickness of non-planar graph. 


3.1. Crossing. The minimum number of crossing in a drawing of a non-planar graph G in 
a plane is called the crossing number. It is denoted by Ф (С). 


3.2. Thickness. The thickness of a non-planar graph G is the minimum number of planar graphs 
in a decomposition of С into planar sub-graphs graphs. It is denoted by Ө (G). 


3.3. Construction of non-planar graph from TEEP graph. Let G (2m + 2,6m) and H (2m+3, 
6m+3) for m 2 2 are two TEEP graphs [14]. These two graphs have minimum degree ô = 
3 and maximum degree A = 2m + 1 and A = 2m + 2 for m 2 2 respectively. There are two 
vertices of degree four each, two vertices of degree three and the remaining vertices are of 
degree five. The following two figures [fig 1 & fig 2] give the TEEP graph G & H for m 
= 2. 


fig-1 fig-2 


Now joining the two vertices of minimum degree by one edge of the graph G (2m + 
2, 6m) for m 2 2 [similarly for the graph H (2m + 3,6m + 3) for m 2 2], and continuing 
the process of Joining the other vertices of minimum degree of the graph G (2m + 2,6m)/ 
Н (2ш + 3, 6m + 3) for m > 2 by one edge till the graph thus obtained forms a non-planar 


x 
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graph which is the preceding to the complete graph К, ›/К +з for m 2 2. Thus, we have 
two non-planar graph G'(2m + 2, 6m + 2) and Н” (2m + 3, 6m + 8) for m 2 2. The figure 
(3) and (4) shows the non-planar graphs G’ (6.14) and H’ (7, 20) for m = 2 which are the 
preceding one of the complete graph К/К нз. 


fig-3 fig-4 


These two graphs do not satisfy the conditions of planarity that is the number of edges 
is not les than or equal to 3n — 6, where n is the number of vertices of the graph. Hence 
we have the following two inequalities from the construction process of the non-planar graphs 
drawn earlier as 


бт + 2 £ 3(2m + 2) – 6 and 
бт + 8 £ 3(2m + 3) — 6 for m2 2. 


Remarks: The non-planar graphs constructed in this paper as shown earlier in figure —3, figure 
-4, which is completely different types of non-planar graph drawn by Kalita [8]. 


4. THEORETICAL EXPLANATION AND PROPERTIES 
4.1. Theorem. For the non-planar graph G'(2m + 2, 6m + 1) for m = 2, 3, 4... the number 
of crossings is m — 1 that is Ф(С) = m - 1. 


Proof. We know that the TEEP graph (2m + 2, бт) for m > 2 [14] is a planar graph. WE 
have constructed the graph G'(2m + 2, 6m + 1) for m 2 2 by joining the vertices of minimum 
degree 5 = 3 of the graph G(2m + 2, 6m) by one edge. Definitely the G'(2m + 2, 6m + 1) 
for m 2 2 is a non-planar as we have 


6m + 1 £ 320m + 2) – 6 


= 6m + 1 £ бт for m 2 2. 
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Now we have to prove that the number of crossings of the graph G'(2m + 2, 
6m + 1) is (т — 1), Ф(С) = m - 1. 





fig-5 


Let us prove it by the method of induction. It is observed that for m = 2 the crossings 
number is one. [From fig-5] Ф(С” = 1. Which is true for m = 2. 


Now for m = 3 it can be shown that the number of crossings is two. 


Let us consider that the above theorem is true for m = K, where the number of crossings 
is K — 1. Le. the crossings of G'(2K + 2, 6K + 1) is (К — 1). For the next stage we proceed 
by adding two vertices and six edges we have the structure G'(2K + 2 + 2, 6K + 1 + 6) and 
the number of crossings are (К — 1 + 1) i.e. G'[2(K + 1) + 2, 6(k + 1) + 1] the crossing 
number is К. Hence the theorem is true for m = К + 1. i.e. the number of crossings for m 
= К + 1 is К. Which is true for m = К + 1. Hence the theorem is true for all m 2 2. Now 
we can conclude that the number of crossings of non-planar graph G'(2m + 2, 6m + 1) for 
m 2 2 is (m — 1). 


Le. Ф (б) = m- 1. 


4.2. Theorem. The crossings of non-planar graph H'(2m + 3, 6m + 4) for m 2 2 is m 
ie. D(H’) = m. 

Proof. We have for the TEEP graph H(2m + 3, 6m + 3) for m 2 2, the minimum degree 
ô = 3 and maximum degree A = 2m + 2. There are two vertices of minimum degree д 
= 3 and two vertices of degree four and the remaining vertices are of degree five. Now 
we have to prove that the number-of crossings of the graph H'(2m + 3, бт + 4) for m 
> 2 is m. 
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fig. 6 


Let us prove it by the method of induction. It is observed that for m = 2 the graph 
H'(7, 16) has two crossings [fig- 6]. Again it can be shown that for m = 3 the graph 
H'(9, 22) has three crossing. Thus we found that the result is true for m = 2 and m = 3. 


Let us considér that the above theorem is true for m = К. Then the structure of the non- 
planer graph is H'(2k + 3, 6k + 4) and then the number of crossing is К. Now when we put 
m = К + 1 then the non-planar graph H'(2K + 3, 6K + 4) takes the from as H’(2K + 5, 
6K + 4) for K 2 3, Which automatically shows that the crossings of the graph is k + 1. Hence 
the above theorem is true for all m 2 2 ie. the of crossings of the nonplanar graph 
H'(2m + 3, бт + 4) for m 2 2 are m ie. Ф(Н)= m 


4.3. Theorem. The difference between the number of crossings of the complete graph К» 
for m 2 2 and the number of crossings of its preceding one (not complete) constructed from 
the TEEP graph G(2m + 2, 6m) for m 2 2 is 2 (m — 1). 


Proof. We have the TEEP graph G(2m + 2, 6m) for m 2 2 is a planar graph where the two 
vertices has minimum degree 6 = 3 other two vertices has degree four, one vertex has maximum 
degree А = 2m + 1 but remainging vertices are of degree five as shown earlier in fig. (1) 
& (2). Now we have to prove the difference between the crossings of complete graph К 
and its preceding one is always > (m — 1). 

Let us prove it by the method of induction. Now for m = 2, the structure of 
G(2m + 2, 6m) is of the form G(6, 12) which is clearly a planar graph. But we have 


nun 
ail LI 


4 
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G(6, 15) is a complete graph for m = 2 and G(6, 14) is its preceding one of the complete 
graph of G(6, 15) as shown in fig 3 earlier. But we know that the number of crossings of 
the complete graph К are 3 for m = 2. Now if we delete any one edge from the complete 
graph, which contain the minimum number of crossings, and then we observe that the number 
of crossings of the preceding of the complete graph is found to be 2. Thus the difference is 
(3 ~ 2) = 1, that is 2 — 1 = 1 which is true for m = 2. 


Similarly we suppose that the theorem is true for m = 3. Then we have the difference 
between the crossings of the complete graph and its preceding one is m — 1 = 2 for m = 3. 


Suppose the theorem is true for m = К. Then we find out that the difference between 
the crossing of the complete graph K,,,, it's preceding one is К — 1. Again if we put the 
value of m is equal to k 1 then obviously it is found that the difference between the number 
of crossings of complete graph and its preceding one as (К + 1) — 1 = k for k 2 3 which 
shows that the result is also true for all values of m 2 2. Hence by the method of induction 
we have the difference between the number of crossings of the complete graph and its preceding 
one is always 2 (m — 1). 


4.4. Theorem. The difference between the number of crossings of complete graph К, з and 
its preceding one (constructed from the TEEP graph H(2m + 3, 6m + 3) of the complete graphs 
for m 2 2 is at least (2m — 3). 


Proof. We know that the TEEP graph H(2m + 3, 6m + 3) for m 2 2 is a planar graph. We 
have construected earlier a non-planar graph as shown in the [fig-4], which is the Preceding 
one of the complete graph Куз. 


Now we are to prove that the difference between the number of crossings of the complete 
graph Кз and its preceding one is (2m — 3). 


We will prove it by the method of induction. 


Now for m = 2 the structure H(7, 15), which is nothing but a TEEP graph, and it is 
a planar graph and H(7, 21) is the complete graph of the above planar graph. Now joining 
the vertices by one edge in between the two minimum degree vertices continuously till the 
preceding one of the complete graph is obtained, then we observed that the number of crossings 
of the preceding one is 8. But, the crossings of the complete graph Ку are 9. 


Thus we observed that thedifference between the number of crossings of complete graph 
and its preceding one is (9 — 8) = 1 i.e. (2.2 — 3) = 1 which shows that the theorem is true 
for m = 2. 


Again if we put the value of m equal to 3 then the number of crossings of the complete 
graph and the number of crossing of preceding complete graph is (2.3 — 3) = 3. 
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Now we consider that the above theorem is true for m = K. 


Hence the difference between the number of crossing of complete graph and its preceding 
one is 2K ~ 3. 


Now, putting the value of m as k + 1 we can show that the relation 2m — 3 gives as 
2k + 1) - 3 = 2k + 2 — 3 = 2k — I for k 2 3 which is true for m = К + 1. 


Hence the above theorem is true for all values of m 2 2. 


4.5. Theorem. The thickness of the non-planar graph G'(2m + 2, 6m + 2) and H'(2m + 3, 
6m + 8) for m 2 2 constructed from the TEEP graphs G(2m + 2, 6m) and Н (2m + 3, 
бт + 3) is always 2 that is 0(G^) = 0(H^) = 2. 


Proof. We know that the TEEP graph G(2m + 2, 6m) and H(2m + 3, 6m + 3) for m22 are 
planar graph and these two graphs have two vertices of minimum degree 5 = 3 and one vertex 
has maximum degree A = 2m + 1 and A = 2m + 2 respectively. Now from the graph 
G(2m + 2, 6m) and H (2m + 3, 6m + 3) for m > 2 by joining vertices of minimum degrees 
by one edge only and continuiting the process till the preceding of complete graphs 
G'(2m + 2, 6m + 2) and H'(2m + 3y 6m + 8) are obtained and they are non-planar. But we 
require finding out the decomposition of these two non-planar graphs as planar sub-graphs and 
it can be shown that there will be only two such decompositions for theses two non-planar 
graphs. That is the thickness of the non-planar graphs G'(2m + 2, 6m + 2) and H'(2m + 3, 
6m + 8) is always two for m = 2. 


Now for m = 3 we observe that the thickness of the graphs G'(2m + 2, 6m + 2) and 
H'(2m + 2, 6m + 5) is also 2. 


Thus we can conclude that the above theorem is true for m = 2 and m = 3. 


We know that thickness of the complete graphs Ко, and К; for m 2 2 can be 
found from the theorems [11.23 and 11.24] [13] and we have that the non-planar graphs 
G'(2m + 2, 6m + 2) and H'(2m + 3, 6m + 8) for m 2 2 are constructed from the TEEP graphs 
G(2m + 2, 6m) and H(2m + 3, 6m + 3) for m 2 2 by joining some vertices by some edges 
as discussed in section 3.3. It can be shown easily that there requires only two plans to minimize 
the number of crosing of these two graphs for m 2 2. Hence we must comment that the non- 
planar graph G'(2m + 2, 6m + 2) and H'(2m + 3, 6m + 8) have require only two planes. 
That is the thickness is two. 


4.6. Thorem. The number of edge disjoint Hamiltonian circuits of the non-planar graph G'(2m 
+ 2, 6m + 2) made from the planar graph G(2m + 2, 6m) for m > 2 up to the preceding 
of Коно is always 2. 
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Proof. We know that from the TEEP graph G(2m + 2, 6m) for m > 2 which has only one 
edge joint Hamiltonian Circuit. Now if we joined by one edge in between the minimum degree 
vertices by one edge and continue the process up to the preceding of complete graph of the 
mentioned graph then also the edge disjoint Hamiltonian Circuit is also two [from fig (3)]. 
Because for m = 2 the degree of the vertices up to the preceding one of the complete graph 
is observed that which has four vertices of maximum degree A — 5 and two vertices of minimum 
degree 5 = 4. So it has only two edges disjoint Hamiltonian Circuits. 


Which is true for m = 2 


Thus trivially we can proved that for all values of m 2 2 the non-planar graph G'(2m 
+ 2, 6m + 1) for m > 2 which has two edge disjoint Hamiltonian circuits. And continuing 
the process of joining the vertices by edges up to proceding of the complete graph Ко) for 
m 2 2, which has also two edges, disjoint Hamiltonian Circuits. 
4.7. Theorem. The number of edge disjoint Hamiltonian Circuits of the non-planar graph made 
from the planar graph Н (2m + 3, бт + 3) for m 2 2 up to the preceding of K,,,, is 
always 2. 


Proof. The proof of this theorem as [4.6]. 


S. CONCLUSION 


This paper gives a special type of non-planar graphs, which are constructed from the TEEP 
graphs and the thickness and crossing of these non-planar graphs are found from various 
theorems. Hence one can study the thickness and crossing of these non-planar graphs for various 
design purposes, which is lies in the VLSI design technology. 
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TRANSFORMATIONS OF SOME MULTIPLE’ HYPER- 
GEOMETRIC FUNCTIONS OF SEVERAL VARIABLES* 


К. C. Sinca CHANDEL 


ABSTRACT : In the present paper, the author applies the difference operators, to establish many 
transformations of multiple hypergeometric functions of several variables introduced by Chandel et al. 
([4] and [5]). He also discusses their special cases. 


Key words and pharases : Multiple Hypergeometric Functions of Several Variables, Difference 
Operators, Transformations. 
2000 Mathematics Subject Classification : Primary 47B39; Secondary 33C65. 


1. INTRODUCTION 


Making an appeal to the difference operators A and E, Agrawal [1, 2] and Gupta and Agrawal 
[7, 8, 9] obtaned various transformations of hypergeometric series. Further, Gupta and Agarwal 
[10] obtained a transformation of Lauricella's multiple hypergeometric function pn (11; 
see also [13]). 

In the present paper, making an appeal to these difference operators, we obtain various 
transformations of some multiple hypergeometirc functions of several variables introduced and 


studied by Chandel et al. ([3] to [5]). We also discuss their special cases, which may be useful 
in related topics of mathematical analysis. ` 


2. TRANSFORMATION FORMULAS 


Consider 


Г(сү+. әс, Elea) d T(c ) 


n 


Ar г(ь,)...г(ь,) [1 - XE, – ... – xEJ? 


* Presented at the ISSAC (2003) Congress held at York University in Toronto, Canada (August 11-16, | 
2093). 2 
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p Г(сү+...+с, LONII Y (o), M i. хт 
T(A,)...T(5,) m,,. Jn, 70 dici |! m,! 
T(b, t m,)...T(5, + m,) 
Г(сү+...+с, +m +: +m, )r(e, 44 + mp) -rlen + т) 
= жу Ибну быб жыйа жубы Уе x,) 


Also we can write 


_ r(e +.. +e, F(c,,,).--T(c,) je 
= r(5,)..-T(6,) 


п 


~a 
| 
п 


[ » ыс PX eA oe А, [Г] | г(ь)...г(ь,) 
T 


ХХ, cott, phg 


К+1 


= [been 


(А) p(n) г —Ь: 
Равен ЛИТОТА b Cp teste, Ср, 


ui Xk "Х| т | 
А 
lx 7973, l= Xp и. ETN A L= Xyp 


Equating both values of А, we derive 
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(k) ptn) И i 
(23) CORO (В AE | 


k > F 
( АХ АЛЛ = buie, =b; C, Cpp Cp ax) 
^ x, el bis 
1I-x LM ү ome rs 2 ИЕ А эр rs „ж зї ш S = 
ки °y * k+ CU x, Xk+ EE Xa Хк 5 Xa 


where ОЕ is multiple hypergeometric function related to Lauricella’s functions 
introduced by Chandel and Gupta [4]. 


Similarly, by considering 


we derive 


k 
(2.2) ФЕ) (a,b,b 


Pops Саас EX cua] 


-a 
k . „ 
= EETA ( [а,в Бб зане 
ыш NN, MM Ros СИРА. С НИИ х, | 
yer" , saa я 
1 ЛИ 7*7 X, 1 Xpyy me X, 1 ЕЛИ 77 X, prx em 


For k - 0, (2.1) and (2.2) both give following transformation formula for Lauricella's 
multiple hypergeometric function F™{11]. 


— 


7 


—" 
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(л) $ ] 
QM OU b beoe e Tee 


-а 
= (1- x,-...-x,} rias SD ac sess 


“Х| Fn | 
——__-—_.,..., ш. 
1 X 7e 7X, 1 x -...—x, k 


which can be verified by choosing Ё = 2 separately in both the results due to Agrawal 
[1, p. 116] and Gupta and Agrawal [10]. 
Further, for А = 1, both give 


(2.4) EO (abb tease ны) 


-а 
= (1- x, —...—,) Еа — 6,56, 7 Б,5С»---›6,5 


* -Xa n | 
> 3*5 
1 х-...-Х, 1- x, emx, 1-x, scu, J? 


which can be further extended їл the from of л unified results 
(2.5) EU Cree esos.) = (==: Т 


(л) = = 5 hrs ` 
Е! а,с, Бә, б, b 1-6,5, 7 5,0, 6,561.06} 


224 el 
? > > 
1- ху XN TX x, утта aq 7X p eX, 
х, Ue 
* 
l- E ed T ^+ "E 1-x- "Ж TX ER 
Уа к uly Gage inc ү ыыр i= 1, 2 л 
1- х X2 177, J' xd 
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Further considering 


we derive 


k . 
(2.6) De (a,b EDU 5b c Cj» эс EM 


~а 
= ras Mur (А) (л) _ Е 
= (1 Tube x.) (ancy бадо, T Oppe Cn 
х Xk es х, | 
* i. ә” ету А ЕХ б 
БЕЛЛ Ыы -x БЕЛИ ыыр, Ж РУЛ 7X, lex a ex, 


where < Q) 207. is the confluent form of Karlsson's multiple hypergeometric function 
introduced by Chandel and Vishwakarma [5]. 
For k = 0. (2.6) further gives (2.3). 


3. GENERALIZATION OF (2.1) 


Equation (2.1) can also be written as follows: 


Г(сү+...+с„)Г(с,)..Г(с„) Я та 
А = 1а е лли TRE x, | 
T(6,)...F (8, ) 
БЕ MAG T (b, ...r(5,) 
le tens T(c,*...c, T(¢,,,)---F(c,) 
= (1-x,7—x) 
ORD ab b,...sb, s [nm b so C, Tp C АГЫЛ 
Ы n me х, | 
lex. ыш, 1— mare, ^x иШ pe а 
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which gives 


k ) Я Я 
(3.1) ( pon (а,ь,,...,Ь,; АЕ Жа) 


-а 
mtus PM (k) pon oy BA А 
= (! na х,) Fp B,D 502058 Cu b aire, b 6C aeui 
ай Х Хоні ur 
1—х са — Xx ee Tees ee A 1-х = 4 е] == = 
mil CU n mel CU "mn nl n X mtl х, 


where т and аге non-negative integers < п. 
For т = k, (3.1) reduces to (2.1). 
Replacing k by 0 апа т Бу Ё, (3.1) reduces to the following result : 


G2) FY СОЛО ЛЫ ОО ЛЫГ, 


-а 
= ее (л) z —Ь: . 
= (1 Xp x) Fe CET B isst, b 5С1,-..С,} 


xi х, “Хк ie 
x = 
n 


1-х, eC lex noe 1р l-x me 
Atl CU n Atl С Un Atl `7” n ЭЛ 


which also suggets the following results due to Gupta and Agrawal [10] and Agrawal 
[2]: 


(3:3 FD (anb b КОА ex sax.) 


-а 
T оа (л) E " A Р 
ш (1 хр... Е) Fi (а b,,...s6, by by ООЛГА 


TAi E хц 2, | 
k 


3...3 E grees 
==. ые т Pex ae x, ]1-x,—..—2X, 


As for (2.2), again considering 
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OF (a,b, Fonet ЛЕОГО x,) 
_ r(e) sa P(e.) [1 -xE PES n | a 
T(b, +... + By JT(b, 4.) = T (5, d " 


м ut* 


]- 


p74 Te tX Mil 


‘ Р -а 
Ау + а 


M (5795. 


we establish 
(k) pin) . ; 
CA ORD aub bocas ен Жын) 
-a 
= (lox rx) 
(k) p(n) . = = a ; 
EO [GEB psi eu Буза», Cp b 0s, 
Х| хм Tue Xn | 
9*5 > LE 
I-x441777*, 1-х мр7 17 X4447-7X, 17x44 77x) 


Osk<sMsnandk Mne 0). 
which, for M = К, reduces to (2.2); while for M = К = 0, (3.4) reduces to (2.3). 
Further, for Ё = 0, (3.4) reduces to 
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(л) 
CIN (ВВЕ е) 
-а 
= = = " pin) А ЕЧ = ЗЫ, s 
= (1 Xy Te €j ay (as gas Быз uai Barat РРА с, Bs бүз» es 
| x cM 
m 5...9 
PX yyy) 7 TH, L= xy Te 1 хумих, 
—x | 
n 
I-xqQ e£, 


4. TRANSFORMTION OF THE CONFLUENT MULTIPLE HYPERGEOMETRIC 
К 
FUNCTION (5902. 
Since we can write 


(4) (л) Р А 
араар врв жон) 


—a 
\- xE +... + хЕ +x, Ân + d р b, i) sa F(b | 
1-х —...—X 
m n 


Therefore, we derive 


(к) a(n) | f 
(4.1) Ae A CE eee 6,54 6,5 Xp х.) 


~d 
a (1 ee (А) g(a) = Rs ; 
- (1 Xp x2) (абай AE Ь ps6, b cus Cp 
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-x | 
feos н $a slut 
— — — 3 
1 Хы ТТ 


which for m = k gives (2.6); while for k = 0 and m = k, it reduces to (3.2). 


Thus, by specializing the parameters and variables, we can derive different transformation 
formulas for hypergeometric functions of one, two, three and four variables. These transfor- 
mation formulas may be useful in other topics of mathematical analysis. 
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SOMEWHAT CONTINUOUS FUNCTIONS ON 
FUZZIFIED TOPOLOGICAL SPACE 


Tazm ALI AND SAMPA Das 


ABSTRACT : In this paper the concept of somewhat continuous functions, somewhat open functions 
are introduced in fuzzified topological space and some interesting properties of these functions are 
investigated. 


Key words : Fuzzified topological space, somewhat continuous functions, somewhat open function. 
2000 Mathematics Subject Classification : Primary 47B39; Secondary 33C65. 


1. INTRODUCTION 


The theory of fuzzy topological spaces was introduced and developed by C.L. Chang [2] and 
since then various notions in classical topology have been extended to fuzzy topological spaces. 
The concept of somewhat functions was introduced by Karl R. Genry and Hughes B. Hoyle 
[3] and this concept was studied in connection with the idea of feebly continuous function 
and feebly open functions introduced by Zdenek Frolik [4]. In [5] G Thangaraj and G 
Balasubranian introduced these concepts in fuzzy topological spaces. In this paper we have 
discussed the properties of somewhat continuous and somewhat open functions in fuzzified 
topological spaces. 


2. PRELIMINARIES 
In this section we recall some definitions and results that will be used in the sequel. 


Definition 2.1[7] A fuzzified topology on a nonempty set X is fuzzy subset of power set of 
X, Р(Х) i.e., a function т: Р(Х) — [0, 1], satisfying the following conditions: 


AX) = 1(0) = 1 

T(ANB) 2 1(À)^1(B), A, Be Р(Х) 

1(UA)) 2 ЖАР for any sub collection {A;} of Р(Х). 

The pair (X, т) will be called a fuzzified topological space (FTS). t(A) is the degree 
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of openness of А and t(A°) is the degree of closedness of A, where A^ is the complement 
of A. 


Definition 2.2[7] A fuzzified co-topology on a nonempty set X is a fuzzy subset of P(X) i.e., 
a function œ : P(X) — [0, 1], satisfying the following conditions: 


w(X) = a) = 1 

@(AUB) > оҳА)л @(B), A, Be P(X) 

(А) 2 ЧА for any sub collection {A;} of Р(Х). 
Proposition 2.3[7] Let т be a fuzzified topology on X and œ, : X — [0, 1] be defined as 
G,(AÀ) = т(А°). Then о, is a fuzzified co-topology on X. 
Proposition 2.4[7] Let œ be a fuzzified co-topology on X and 1, : X  [0, 1] be defined 
as т„(А) = w(A°). Then t, is a fuzzified topology on X. 
Proposition 2.5[7] If т is a fuzzified topology and € is a fuzzified co-topology on X then 
Tor ^ Т and Os = O 
Proposition 2.6[7] Let (X, т) be a fuzzified topology and Y с X. Then ty : P(Y) — [0, 1] 
given by 

ty(U) = v{t(V) : U = YOV} is a fuzified topology on Y. 

ty is then called fuzzified subspace topology. 


Definition 2.7[7] Let (X, т) and (Y, $) be two FTSs. A function f : (X, т) — (Y, 8) is said 
to be continuous with respect to т and $ if t(f!(U)) 2 5(U) for each U e P(Y). 


Result 2.8. Let (X, т) and (Y, 8) be two FTSs. A function f : (X, т) — (Y, 8) is continuous 
with respect to t and б iff «(f (U)) > 0;(0) for each U c Y. 


Definition 2.9[7] Let (X, т) and (Y, 5) be two FTSs. A function f : (X, т) — (Y, б) is said 
to be open with respect to т and 8 if 1(G) < 5({G)) for each Ge P(X). 


Definition 2.10[7] Let (X, т) and (Y, 5) be two FTSs. A function f : (X, т) > (Y, 9) is said 
to be closed with respect to т and ё if о, (О) < @s(AG)) for each Ge P(X). 


3. SOMEWHAT CONTINUOUS FUNCTIONS IN FUZZIIFIED TOPOLOGICAL SPACE 


In this section we introduce and discuss the properties of somewhat continuous function in 
fuzzified topological spaces. 


Definition 3.1. Let (X, т) and (Y, б) be two FTSs. A function f : (X, т) — (Y, 8) is said 
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to be somewhat continuous with respect to t and 8 if for each U c Y, with f!(U) s 6 there 
exist ф z V c X such that V c (ОП) and т(У) 2 (0). 


It is clear from the definition that a continuous function is somewhat continuous. That 
the converse is not always true is evident from the following example. 


Example 3.2. Let X = (a, b, с}, р and v are fuzzified topologies on X defined as : 


+ fo а ss[esres ах 





Let g : (X, р) 9 (Y, v) be the identity function. Then u[g!((a, b})] = Ша, b) = .5 < .6 
= v((a, bj). Therefore g is not continuous. However there exists {a} c {a, b) such that u((a]) 
> v({a, b}). Hence g is somewhat continuous. 


Result 3.3. A function f : (X, т) — (Y, 5) is somewhat continuous with respect to т and б 
iff for each U c Y, with f'(U) + X there exist V c X such that and f !(U) с У and oV) 
2 (О). 


Proof. Let f : (X, т) — (Y, 5) be somewhat continuous. Consider О c Y such that f!(U) 
+ X. Then US c Y such that f-!(U*) # $. 


As f is somewhat continuous, there exists ф # М с Х : 

W c / -(U*) and «(W) > $09) = W c (/(U))* and о) > (U) 
= fU) c W° and œ (W°) > œU). 

Let V = W°, then V C X : РКО с V and @,(V) 2 @,(U) 

Converse. 


Let U c Y such that /“!(О) c X. Then U* c Y such that (0) # ф. So by hypothesis 
there exist V с X : £-(U*) c V and @,(V) 2 ©(О°) which gives ££ (U))* c V and eV) 
> 009) > V° c f" (U) and «(V*) > &(U). Let V° = W. 


Then W # ф and W с f'U) and (W) 2 &(U). 
Result 3.4. Let (X, т), (Y, 8) and (Z, n) be FTSs. 


Let f : (X, т) > (Y, 8) and в: (Y, 8) 2 (Z, n) are somewhat continuous funcitons, 
then go f : (X, т) —> (Z, 1) is continuous, if (V) # $ for all ф + V c Y. 


Proof. Let U с Z such ће (gof) I(U) # ф. 
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We have f-!(g^(U)) = (рой, + ф implies g^!(U) + ф. As g is somewhat continuous, 
there exists 6 € W c Y : W c g(U) and &(W) 2 q(U). 


Again by hypothesis ф + W = f(W) # ф. As f is somewhat continuous, there exists 
$* VC X: V с (№) and Т(У) > 5(W). Thus V c f!(g (U)) and «(V) 2 8(W) 2 n(U). 


That is, there exists 6 # V c X : V с (го ((U)) and «(V) > n(U). 


The following example shows thet the condition f-!(V) # ф for all 6 # V c Y is sufficient 
but not necessary. 


Example 3.5. Let X = {a, b, c}, т, Н and v are fuzzified topologies on X defined as : 





Let f : (X, Ш) — (X, т) be defined as Да) = a, f(b) = fe) = c and р: (X, т) > (X, v) be 
the identity function. 


Then it is easy to verify that f, g and gof are somewhat continuous though f1({b}) 
== ф. 


Definition 3.6. Let (X, т) be а FTS. A subset р c X is said to be dense in X if there exists 
no subset V c X such that D c V and @,(V) > @,(D). 


Result 3.7. Image of a dense subset under a somewhat continuous and closed function is dense. 


Proof. f: (X, т) — (Y, р) be somewhat continuous and D be dense in X. Consider AD). 
If RD) = X, we are done. So let AD) # X. Suppose AD) is not dense, then there exists B 
GY: RD) GB and ,(B) > o, AD). Since f is somewhat continuous, for B c Y there exists 
F c X : f (B) c F and о (Р) 2 &,(B). Again (D) c B > Dc / (В) сЕ = D c F. Also, 
0,(F) > ©, (В) > o, D) 2 ,(D), since f is closed. But this is a contradiction to the fact 
that D is dense in X. 


The following example shows that the above result need not be true if the condition 
of closed of f is omitted. 


Example 3.8. Let X = (a, b, c, d} and т and u be fuzzified topologies on X defined as: 


SOMEWHAT CONTINUOUS FUNCTIONS ON FUZZIFIED TOPOLOGICAL SPACE 63 


W(A)= 1, A= X, 0 
= 7, A = {c, d} 
.5, otherwise. 
H(A)= 1, A = X, 6 
6, A = {b} 
= 4, otherwise. 
Let f : (X, т) (Y, u) be given by Да) = b, ДБ) = c, fc) = d, Ad) = a. 


Then f is somewhat continuous and D = {a, b} is dense in X. 


il 


But AD) = {b, с} is not dense in Y, as there exists (a, c, d) D (b, c) such that 
оџа, c, d}) = ШЫ) = 6 > 4 = Ша, 4}) = e. ((b, с}) = e, 00D). 
Note that here f is not closed. 
Result 3.9. Let f : (X, т) > (Y, 5) be somewhat continuous. Then for any А c X, 
fi, : (A, 14) > (Y, $) is somewhat continuous. 


Proof. Since f/, is the composition of the inclusion map j : (A, 14) > (X, т) and 
f : (X, т) > (Y, 8), the result follows from Result 3.4. 


Result 3.10. Let f : (X, т) — (Y, б) be somewhat continuous where Y is a subspace of Z. 
Then й: X — Z, where А is obtained by expanding the range of f is somewhat continuous. 


Proof. Let р denote the fuzzified topology on Z. Then б = py. Let U с Z with hU) # 
ф. We have V = YOU g U. Then £V) = АУ) = AWN) = (Y) 0 iU) = А 
1(U). So f-(V) s ф. Since f is somewhat continuous, there exists ф + W c X : W c f}(V) 
and t(W) 2 8(V) = py(V) 2 У). Thus W c (О) and ТҰ) 2 рУ). 
Result 3.11. Let f : (X, т) — (Y, б) be somewhat continuous and ДХ) ezcy. 

Then g : (X, т) > (Z, $,) is somewhat continuous. 
Proof. Let U c Z with g-(U) # ф. 

As ДХ) с Z, then for any VC Y : U = Z N^ V, fV) = gU) 

As f is somewhat continuous, there exists ф = W c X : W c f (V) and (W) 2 &(V). 

But this is true for any V c Y satisfying U = Z ^ V. 

So (М) 2 A(6(V) : U = Z Nn V) = 8,0). 

Hence there exists ф + W c X : W c g^ !(V) and 1(W) 2 5,00). 
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Result 3.12. Let f : (X, т) > (Y, 5) ard suppose А and В be subsets of X : 

Х= АОВ and (А) = 1 = ТВ). If f, : (A, 14) > (Y, б) and h : (B, ть) (Y, ò) 
are somewhat continuous then f is somewhat continuous. 
Proof. Let U c Y and f1(U) # ф. As (ШО) = f7 (U) u f; (U), either /, (О) #ф or 
fg (U) #6. Suppose / (ШИ) # à. As f, is somewhat continuous, there exists ф + W с 
A: Мс / (И) and t,(W) 2 8(U). But А) = 1 implies t,(W) = Т(№). 


Thus we have W c £e f?(U) and (W) 2 9(U). 


Definition 3.13. Let t and 5 be two fuzzified topologies on a set X. t is said to be weakly 
equivalent to 8 if for any 6 z W c X, there exists ф z U, V c W such that t(U) > 6(W) 
and $(У) 2 t(W). 


Remark 3.14. т and б are weakly equivalent on X iff the identity function from (X, т) onto 
(X, 5) is somewhat continuous in both directions. 


Proof. The proof is straightforward. 


Result 3.15. Let f : (X, т) — (Y, $) be somewhat continuous. If р is weakly equivalent to 
т, then f : (X, р) > (Y, $) is somewhat continuous. 


Proof. Let U c Y and f£-!(U) # ф. As f is somewhat continuous, there exists $ # Vc X: 
V c fU) and «(V) > (0). 
Again р is weakly equivalent to $, therefore there exists ф # W c V : (W) > 1(V). 


Result 3.16. Let f: (X, т) — (Y, 5) be somewhat continuous and onto. If б is weakly equivalent 
to v, then f : (X, т) > (Y, v) is somewhat continuous. 


Proof. Let U c Y such that f-!(U) + ф. Tken U + $. Again б is weakly equivalent to v implies 
there exists ф + W c U : (№) 2 v(U). As f is onto W # $ implies (№) + ф. 


Now f: (X, т) — (Y, 8) is somewhat continuous, therefore, there exists 6 £ V c X 
such that V c f!(W) and «(V) 2 8(W). 

Thus there exists ф + V c X such that V c f!(W) and т(У) 2 v(U). 

Combining Result 3.15 and 3.16 we have 


Result 3.17. Let f : (X, т) — (Y, $) be somewhat continuous and onto. If 15 weakly equivalent 
to т and v is weakly equivalent to 6, then f : (X, u) — (Y, v) is somewhat continuous. 
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Definition 3.18. A fuzzified topological space is said to be separable if there exist a countable 
dense subset. 


Result 3.19. Let f : (X, т) — (Y, 8) be closed and somewhat continuous. If X is separable 
then so is Y. 


Proof. Since image of a countable set is countable, the result follows from Result 3.7. 


4. SOMEWHAT OPEN FUNCTIONS IN FUZZIFIED TOPOLOGICAL SPACE 
In this section we introduce and discuss the properties of somewhat open function in fuzzified 
topological spaces. 


Definition 4.1. Let (X, т) and (Y, 9) be two FTSs. A function f : (X, т) — (Y, 8) is said 
to be somewhat open with respect to т and ô if for each ф # U c X, there exist ф £ V c 
X : V & ДО) and (У) 2 «(U). 


It is clear from the definition that an open function is somewhat open. That the converse 
is not always true is evident from the following example. 


Example 4.2. Let X = (a, b, c}, т and u are fuzzified topologies on X defined as : 





Let f : (X, т) — (Y, ш) be the identity function. 

Then f is not open, since f(ía, b}) = (a, b) and u[f((a, b})] = .2 < .5 = т{а, b}. 
However f is somewhat open as there exists (a) c f((a, b}) such that 

u((aj) = .6 > 5 = т{а, bj 


Definition 4.3. Let (X, т) and (Y, 5) be two FTSs. A function f : (X, т) > (Y, б) is said 
to be somewhat closed with respect to т and 6 if for each U © X, there exist V & Y such 
that fU) c V and w,(V) > œU). 

Result 4.4. Let f : (X, т) (Y, н) is somewhat continuous, and g : (Y, ц) > (Z, v) is somewhat 
continuous, the (gof) : (X, т) > (Z, v). 
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Proof. Let ¢ + U c X. Consider (gof)(U). Since f : (X, т) — (Y, Н) is somewhat continuous, 
there exist 6 # V c Y : V c AU) and pV) 2 1(U). Again g : (Y, u) — (Z, v) is somewhat 
continuous, so there exists 6 + W c Z : W c g(V) and v(W) > HV). 

Thus we have ф # W c g(V) c g(fU)) = (gofXU) such that v(W) > t(U). 


Result 4.5. Inverse image of a dense subset under a somewhat closed and continuous function 
is dense. 


Proof. Let f : (X, т) > (Y, 5) be somewhat closed and continuous function. Let D be dense 
in Y. consider f'(D). Suppose f!(D) is not dense in X. Then there exists Е с X : Р) 
C F and о (Е) > off (D). Now F g X = AF) с Y. As f is somewhat closed, there exists 
B g Y: fF) c B and о;(В) 2 @,(F). 


Thus D c ДЕ) c B and œB) 2 @,(F) > a, (£(D)) > @;(D), since f is continuous. 
‚ But this is contradiction to that fact that D is dense in Y. Hence f !(D) is dense in X. 


Result 4.6. Let f : (X, т) — (Y, 5) be one-one and onto. Then f is somewhat open iff f is 
somewhat colsed. 


Proof. Suppose f is open. Let U c X : AU) # Y. To find V g Y such that KU) c V and 
05У) 2 œU). If U = ф, then KU) = $. We choose У = 9. 


So let 6 + U с X. Then ọ + AU) œ Y. Let US = W, then $ x W с X. Since f is 
somewhat open, there exists à € Vc Y: 


V c AW) aud (№) > (У) =» AW) c V° and о. (У) > ®ь(У°) 


= ҚМ) с V° and @,(U) 2 @,(V°). Let У = F. Since ф # V, Y + V° = F. Thus for 
Uc X: fU) Ф Y, there exists Е g Y : AU) c F and ,(U) 2 œŒ). Hence f is somewhat 
closed. 


Converse. Let 6 + U c X. If U = X, KU) = Y. Choosing V = Y, we are done. 

So let à + U g X. Let G = US, then 6 + G g X and so AG) с Y, as f is onto. 

Hence by hypothesis there exists W с Y : 

KG) с W and o4(W) 2 0G) 2 W° c AG) and &(W°) 2 т(С°) 

= W° c f(G*) and 6(W*) > 1(G*) = W° c AU) and 8(W*) > 1(U) 

Let W° = V. Then $2 Vc Y:Vc KU and (У) 2 t(U). Hence f is somewhat open. 
Result 4.7. Let f : (X, т) > (Y, 5) and suppose А and B be subsets of X: 


` SOMEWHAT CONTINUOUS FUNCTIONS ON FUZZIFIED TOPOLOGICAL SPACE 67 


X 7 AU B. If f : (A, t4) 9 (Y, 9) and f : (B, тр) (Y, 5) are somewhat open then 
f is somewhat open. 
Proof. Let à + U c X. If U NA B = 6, then KU) = fA(U). 

Since f, is somewhat open, there exists à + V c Y : V c /,(0) and &(V) 2 т,(0). 
But t(U) 2 1(U). Therefore à + V c Y : V c AU) and (У) > «(U). 

Similar is the case if U à A = 9. So let U à А #.ф + U n B. Then QU) = fA(U) 
о AU). 

As f, is somewhat open, there existss 6 # V c Y : V с f,(U) and &(V) > taU) 2 
aU). E 
As fy is somewhat open, there exists à  W c Y : W c f4(U) and 8(W) > t(U) > 
(U). | 

Then there exists p+ F=VOWCY: 

F с ЖО) vu AU) = KU) and (Е) = (У n W) 2 OV) ^ ӧ(№) > 10). 
Remark 4.8. т and 9 are weakly equivalent on X iff the identity function from (X, т) onto 


(X, 5) is somewhat open in both directions. 


Result 4.9. Let f : (X, т) (Y, б) be somewhat open funciton. If р is weakly equivalent 
to t.and v is weakly equivalent to т, then f : (X, р) — (Y, v) is somewhat open function. 


Proof. The proof is straightforward. 


Definition 4.10. A f : (X, т) (Y, $) is a said to be somewhat homeomorphism if f is one- 
one, onto, somewhat open and somewhat continuous. 


Remark 4.11. If / is a somewhat homeomorphism then f! is also a somewhat 
homeomorphism. 
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ABSTRACT : This paper endeavours to reveal the topological character of the subclasses D(x) and 
M(x) (in the class of all Lebesgue measurable subsets of В) defined by Martin in his paper [3] and 
shows that in this respect, they are similar to their duals (E) and D*(E) which are the collection of 
all points at which E has a density and tbat subcollection of it where this value of density is either 
‘zero’ or ‘one’. 
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1. INTRODUCTION 


Given a Lebesgue measurable set E (cR) and x (eR), quantities such as Р, (Е) = 


ЩЕ I) 


EnI щЕ OF) 
ао = (Е зир УЭ Xf and р.(Е) = lim ay = 
>x 


mx Щ) Cem Н) 


E СЕЛЕ zi A ; 
(n) u( I,) k (where each J, is a non-degenerate interval of R and J, 
— x means that x (є J,) for each k (e №) апа (Л) > 0, р being the Lebesgue measure 
in R) are called respectively as the upper and lower metric (or Lebesgue) densities of E at 
x. In particular if, D (E ) = D, (Е), Е is said to possess a density at the point x which is 
the common value of the above two quantitites and is denoted by D,(£). 

By virtue of the Density theorem of Lebesgue, given any linear measurable set E, 

РЕ) = 1, р - almost everywhere on E 

= 0, р - almost everywhere on FM. 


Thus the concept of density as defined by Lebesgue and put to use in his famous theorem 
is usually considered as a point function where the set is kept fixed and the point is made 
to vary. 
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Thus given any linear measurable set E, as per the density theorem stated above, we 
can define a point function 


D, : Я э [0, 1] such that - 


D.(x) = DE) = 1, p - almost everywhere on E 


= 0, р - almost everywhere on R\E 
which accordingly gives rise to the following two sets 
DE) = {x e В | DAZ) exists} 
and Ф(Е) = (x e R | D(E) = 0 or 1) 
But this concept of density may also be viewed in an entirely different context, where 
in place of the set, the point is fixed end a function. 
D, : M э [0, 1] is defined on the class M of all Lebesgue measurable sets of В by 


means of the formula- 


D.(E) = D,(x) for every E (є м) 


x 


Martin [2] found that the set function D. is a finitely sub-additive outer measure function 


on the class M of Lebesgue measurable sets and more interestingly the class М(х) of р, - 


measurable sets can be given the following precise formulation— 


М(х) = {Е є D(x); D(E) = 0 or 1} (*) 

Now if Ф(х) stands for the class of all measurable sets for which D (Е) exists, then 
the set qXE) and the class Ф(х) can be considered as dual of each other (with the role of set 
and point interchanged) and a similar relation holds between (D*(E) and M(x). Moreover, viewed 
in this context, the assertion (*) may be regarded as the dual formulation of the density theorem 
stated above. 


Here in this paper, we endeavour го unravel an interesting similarity in the topological 
character of the two structures ХЕ) and 2x) (and also of D*(Z) and М(х)) which according 
to the above mode of representing their definitions are dual of each other. 


It is already known that in the topology of the real line derived from the usual metric 
structure in it, the sets XXE) and D*(£} are Borel F,; sets. Results of this type follow as 
immediate consequences of more general theorems (related to interval functions) proved by 
the present author in [1]. There it was proved that for any Lebesgue measurable set E (of 
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R”), both the sets Ф(Е) and D*(£) are of the Borel Р type. It is interesting to ncte from 
the deductions given in the following paragraphs that their dual structures viz. D(x) and M(x) 
(with the role of set and point interchanged) also bear the same property of being Borel sets 
of the same Borel type in the topology of measurable subsets of the real line derived from 
the pseudo-metric 0.4 х M В defined by — 


(Е, F) = (E A F) where E, Е (e M). 


Main Results. The results here are derived as particular cases of more general theorems 
concerning Lebesgue integrable functions on Я, the class being denoted by the symbol £. For 
any x (e R) chosen and fixed we define— 





[n 
=f di 
Ó (f) = um sup u) (fe г) 
f Л 
FAO = limi oy 


which acording to their definition are both real-valued functions on £. We also set, 


Ja 


= £: lim 4 ists 
A) = 4f € Шш ЩТ) exists + , 





[n 


= feri /__=0orl 
and £(x) f | im sup ui ог 





It is well-known that the class £ is a metric space with respect to the pseudo-metric 


e« 9 = fI- eldu. 


The following proposition illustrates two essential identities needed to proceed further 
and which are not hard to justify. 


1 


Proposition. If for апу п (є М), 7°) = і, x € I and туу wd) < H, then Ф = 


Шш зир eo and Y. = Hum ШИ where 
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[an 
D(f) = sup AD and 
| Ян 
— i ! . (л) 
VG) = inf u „Гей . 


Theorem 1. A(x) is a Borel Fẹ subset of (£, p). 


. Lemma 1.1. For any n (є N), both b? and "P^ are continuous functions or £. 


Proof of the Lemma. For any f g (є 2). 


IET f edu 
1 Je (Di H ;1 (л) 
у 5g Rss 








let (o) - etg) = Sup 











fir -a 
«sup 1 И) de gU 
«n. fA - glas... 
R 
and this inequality is enough to exhibit the continuity of ФО”, 
[à J sa 
Also, FE? (7) - WO? (g)| = ағ Б е 30) — inf ПР ;1 є 2%) 


fi-a 
em ret cla 


which similarly shows that the function Speo is continuous. 
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Lemma 1.2. For any г (є R), the sets {Ф, > r} and {¥, < rj are Gs in (£, p). 
Proof. By virtue of the proposition stated in the beginning of this section, 


{е 6092 г} = MN Ulehos- 1 


p n kən 


| 
and {Ре 5 90 т) = AN Ufan crit 


р n kən 


Now using Lemma 1.1, the result follows. 


Proof of the theorem. We may write, 


A, = Mfe 5 Фу) < Фф} = AU fe 5 Y r< dA 
* 


where {7,; k € N} is the set of all rationals їп R. But for any Ж, the set 
fe 5 V0) << OA} = ife 5 V) «rin fe 599,0»n 


= уо евз у ево, ose 1] 
49 


is Gs, by Lemma 1.2. 


Hence the theorem. 


. 1 1 
For any z (e №), we denote by the symbol gm the interval Ё л + 1) and write 





ja ja 
= lim OEP) а 
n.) m ua and 7; (7) m. (J) 


Theorem 2. L(x) is a Borel Fẹ subset of £. 


Lemma 2.1. The function тү? is continuous on A(x). 


Proof. Let f£, g (є A(x)). Then 
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[лм J edu 
Je) Je) 


nt" (7) - nt? (g) = (Л) H(I) 












= 5| fs- J sasz JV - slays 


ac ym) 
which finally settles the lemma. 
Lemma 2.2. For any r (e Я), the set {fe £, n,(/) = r} is Fog in A(z). 
Proof. 
{fe A(x); т) = ғ} = 


nit e Ag) (7) «r Dni е А(х);т„(/) > r-ż}| 


q 


But 1, = Tni 2o and therefore, 


у є A(xy m, (7) > rth UU Ci (х), where 


l 


C(x) = NURE) and 07095) = У є A(x); soe Lei] 


nip 


So by lemma 2.1., у є A(xyn, C)» r 4| and similarly у e A(xy n, (7) <r 4| are 


Е, and therefore the above set is an Р subset of A(z). 


Proof of the theorem. Since L(x) = {fe £; n,(/) = 0 or 1} and 4(x) being an F,, subset 
of £ (by theorem 1), the theorem follows. 


Thus we have proved in terms of Theorem | and 2 that for any fixed x in Я, the subclasses 
A(x) and £(x) of the class £ of Lebesgue integrable functions on R are Borel Fẹ subsets of 
it. Had we chose instead of £, the class М of Lebesgue measurable subsets of R to start with 
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(which means that subclass of £ consisting precisely of the characteristics functions of 
measurable sets) we would have reached as a consequence the following two conclusions— 


Corollary 1. D(x) is a Borel F,; subset of (М, c) 
and 
Corollary 2. M(x) is a Borel F,; subset of (M, 0). 


This shows that just as the sets (E) and Ф*(Е) (for a fixed Lebesgue measurable set 
Е) are Borel subsets of В (with its usual topology), so are their duals D(x) and M(x) (when 
the roles of the set and point are interchanged) having the same Borel type, in the topology 
of Lebesgue measurable subsets of R. 


Note. Using translation invariance of Lebesgue measure, it may be easily seen that the metric 
spaces (O(x), б) and (D(y), с) are isometric and therefore homeomorphic. The same reason 
suffices to show that M(x) and M(y) are also homeomorphic. Now if we write Mx) = (E 
€ Ox): DE) = 0} and M(x) = (E € Dx): DE) = 1}, then also M(x) and (y) are 
isometric and therefore homeomorphic as Lebesgue measure is translation invariant and so also 
are M(x) and % (у) because of this fact and also that o(EAF) = o((R\E)A(R\P)) for any two 
E, F(e M). But D(x) and M(y) are not homeomorphic as it can be shown by virtue of a more 
general deduction [2] that both M(x) and 34,(x) are dense in (М, ©). 


Acknowledgement. I am thankful to the referee for his valuable comments and suggestions. 
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ON SOME CONGRUENCES IN SEMIRING 


UrPAL DascuPTA AND P. MUKHOPADHYAY 


ABSTRACT : The concept of p-ideals in a semiring К was first introduced by Mukhopadhyay and Ghosh 
[4,5] and subsequently various characteristic features of a p-ideal in different classes of semirings were 
obtained in [4], [5], [6]. In the present paper, a congruence p, induced by an ideal 7 of R is provided 
and certain basic results corresponding to this concept including the nature of the congruence when 
I is a p-ideal in particular, are established. In the last section, yet another congruence, Bourne p- 
congruence, compatible with the concept of p-ideals in a semiring is established and studied at length. 
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1. INTRODUCTION AND PRELIMINARIES 


A semiring is a non-empty set 5 together with two binary operations, called "addition", +, 
and “multiplication” (usually denoted by juxtaposition), such that S is multiplicatively a 
semigroup and additively a commutative semigroup and the multiplication is distributed accross 
the addition both from the left and from the right. a semiring is said to be commutative if 
it is multiplicatively commutative. An additively cancellative semiring is called a Aalfring. An 
inversive semiring [7] S is a semiring in which (S, +) is an inverse semigroup, i.e., for each 
а € S, there is a unique element а є S such that a + а’ + a =a and d * a * a' = а. 
It is well known [3] that, in an inversive semiring 5, we have (ab) = a'b = ab’ and (a + 
by =a’ + b'. E*(S) denotes the set of all additive idempotents of 5. If an ideal of the semiring 
contains E*(S) then it is called a full ideal. A semiring S ia said to have an identity, if there 
exists 1, € S such that, 1x = х1, = x for each x e S. The zero element of 5, denoted by 
0, is called an absorbing zero if a0 = ба = 0 for all a є S. A k-ideal [2] I of a semiring 
$ is an ideal of S such that, if a € Z x e Sanda + x € J then x є Г A congruence p 
оп 5 is an equivalence relation on 5 such that a p b in S implies (a + c) p (b + с), ac p 
bc and ca p cb hold for all a, b, сє S. The congruence class of an element a є S under 
р is denoted by ap. The quotient semiring (ap : a € S} of S under p is defined usually and 
is denoted by S/p. It is interesting to point out that, unlike rings, ideals and congruences, in 
general, do not correspond bijectively in semirings. Throughout this paper N represents the 
set of natural numbers. 
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Mukhopadhyay and Ghosh [4] introduced the idea of p-ideals in semirings. We recall 
the following definitions and results that will be useful in the sequel. 


Definition 1.1. [4,5] An ideal J of a semiring 5 is called a p-ideal if for some x e S, ne 
N, Р 


пх + а = (п + 1)х апі а є J implies х є I. 
In particular, if S is inversive, then the definition boils down to the following: . 
if for some x e Sa^x-2xaelthenxe L 
Observe that all p-ideals are noz k-ideals, as the ideal J = 32, \{3} is not a K-ideal, 
in the halfring 27 of all positive integers with zero but it is a p-ideal, as all ideals of a halfring 
are p-ideals. We also note that k-ideals are not p-ideals in general. Indeed, іп the semiring 
(Z*, max, min), J, = (1, 2, 3, .... n) is a k-ideal for any n є Z* but not a p-ideal. It is interesting 


to see that in an inversive semiring S, E*(S) is a p-ideal. In fact, any full ideal of an inversive 
semiring is a p-ideal. 


Following result was proved in [4, 5]. 


Proposition 1.2. п an inversive semiring S an ideal I is a p-ideal if and only if = I + 
E*(S). 


In search of the smallest p-ideal containing a given ideal of a semiring the following 
definition was given in [4]. 


Definition 1.3. For any subsemiring R of a semiring S, we define, 


Ê = {xe 8|а + nx = (п + Dx, for some n e N, a e R}. 
Proposition 1.4. [4] For any two ideals I, J of a semiring S we see that, 1 is a p-ideal of 


S such that i = [;1с f ifIgJthn Î с J; indeed, Î is the smallest p-ideal of S 
containing I. 


Note that in case of an inversive semiring S, for an ideal Г of S, 
I = {хє 5|а + x = 2x for som a e Д. 


This leads us to the following result immediately: 


Corollary 1.5. [4, 5] In an inversive semiring S, we have Î = I + Е), for any 
ideal І. : 
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2. CONGRUENCE INDUCED BY A p-IDEAL 


In keeping with the spirit of the concept of p-ideals in a semiring, let us now introduce 
the concept of a new kind of congruence induced by an ideal in a semiring S with absorbing 
zero. 


Definition 2.1. Let J be an ideal in a semiring 5. We define a relation p, on 5, induced by 
1, as follows: for a, b є SS, 


арф © na tx * b = (n + l)a 

mb * y * a = (m + ly, 

for some x, y e 1 and m, n e М. 
Proposition 2.2. p, (as defined above) is a congruence on S. 


Proof. We first show that р, is an equivalence relation on 5. Since 5 has an absorbing zero, 
it follows that p, is reflexive; whereas symmetry of p; is obvious from its definition. Towards 
transitivity, let a p, b, b p,c for some a, b, c € S From the definition of p, we have, 


(1) na+x+b=(n+1)a, and 
(2) тЬ+у+ а= (т + 1b, for some x, y e 5 m, n e № and 
(3) rh+z+c=(r+1)b, and 
(4) зс+ъ» + Б = (5 + 1)с, г ѕоте 2, we [nse №. 
Now, from (1) we have, 
(1 + )па+(1+х+ (1 + r) = (1 * rn + 1a 
ie. (1 + мла + (lt rx + rb tz ъс = (1 + rn + Па [by (3)] 
іе. rna t na * x t rx * rb +2 * c = (1 * гл + Da 
іе. r(na ^ x * b) + па+х +2 t с = (пт * n * r + lja 
ie. rn + Da*natx*z + с = (nr c n * r + l)a [by (1)] 
ie. (m + ғ + nmnat(x*z)tc-(n*n-cril) 
ie. kat (x +z) + с = (Е + l)a, 
where x +ze Zandk ^ nr c n * r e М. 
Again, we have, from (4), 


(m + 1)зс + (m + 1)w + (m + 1)b = (m + 1)(з + Пе 
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ie. msc + sc + mw +w+mbt+yt+a=((st+s+m-+ l)c [by (2)] 
ie. m(sc + w ^ Ьу+ зс + у +у+а = (ту +5 + m + ly 

ie. m(s + 1)с+ sc +» + y + a = (ms * s + m + l)e [by (4)] 
ie. tc + (w + y) * a = (t * lye, 

where w + y e 1and t = ms +5 + m e N. 


Consequently, we have a p,c i.e., p, is a transitive relation and hence an equivalence 
relation on 5. We now show that, actually р, is a congruence relation on 5. Let, for some 
a bc de S ap,b and cp,d hold. Then we have, 


(5) ma t x * b = (n + ija and 
(6) mb + y + a = (т + 1)Ь, for some х, ye IL; m ne Мапа 
(7) зс+ ъъ + 4 = (5 + 1)с, and 
(8 tid+z+c=(t+ Dd, forsmmewzeLste N. 
It is easy to see that, 
ОКК КОЛ, Ed 
where x + w € J and k = max(n, s) є MN, and also, 
r(b + d) + (z + y) + (a + c) = (r + 10 + а), 


where y +z € J and r = max(m, t) є №, which together imply that, (a + с)р(Ь + 
d) hold. 


We further see that, for some c € S, we have from (5) and (6) that, 
nac + xc + bc = (п + Пас and 
mbc + yc + ac = (m + 1)be, 


where xc, yc є {as І is an ideal, showing that, (ас)р (bc) holds. In a similar manner, 
it can be also shown that, (са)р (сБ) holds, whence p, is a congruence on $. 


Remark. It is interesting to note that, when J is a p-ideal, elements of J are p, related 
only to elements of J i.e., b є J with ap,b implies that a € Г Indeed, from na + x + 

= (n + l)a, for some x є J and n є М [as in (5)], with b € J we have, (x + b) є 
1, whence, as I is a p-ideal we get, a e I. So we see that p, saturates the p-ideal 7. However, 
we point out that, for any two elements а, b є I, it is not mandetory that ар, holds; 
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ie. a p-ideal J is being actually partitioned into disjoint р, classes. Indeed, we have the 
following: 


Proposition 2.3. 7 constitutes а p, class if and only if I is a subring of S. 


Proof. Let J be a subring of 55, and let а, b є J be any two elements of 7. Then choosing 
x-a-belandy-b-ae I it can be easily seen that the conditions (5) and (6) of 
Proposition 2.2 are automatically satisfied, for any m, n є N whence ap,b holds, showing 
thereby that, J is a single p, class. 


Conversely, let J be a p, class, i.e., for all a, b є I, арр holds. Since J is an ideal of 
S, we have 0 є J, which indicates, ap,0 must hold good; whence for any a є J we get that 
there exists some y є J such that a + у = 0, showing that J is a subring of 5. 


Proposition 2.4. For any ideal 7 of a semiring 5, S/I = S/ I. 


Proof. Since J c 7, apjb — ар for any а, be S 


Conversely, let 49 ;5 hold for some a, b € S. Then, 
(1) nma * x * b = (n + 1)а and 
Q) mb * y * a = (m + 1)Ь 
for some x, y e 7 and m, n e №. Now, since x, y € 7, we have that 
(3) ke id = (K+ J)x and 
(4) ly * ij (1+ Dy 
for some i, + і, є Гапа А 1 є N. Then from (3), we have that, 
kx + d + (К+ 1b + n(k + Da = (К+ Dx + (k * Db + n(k + Da 
ie. k(ma * x * b) t na * i, + b = (k * 1)(na + x +b) 
ie. k(n + ija + na * i, * b = (k * D)(n la [from (1)] 
ie. pa t ij * b = (р + а .Xl) 
where p = n + k + ne М. 
Now from (4), we have that, 
ly + i, * (1+ Dat m(l * 1)b = (+ Dy + (1 9 Da + m + 1b 


ie. (mb + y + a) * mb + i, * a — (+ V)(mb + y + a) 
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ie, (m+ 1)b + mb + i, + a= (1+ Yn + 1)Ь [from (2)] 
ie, qb +i, + а= (а tl)  .(i) 

where q = im + 1 + тє М. 

Hence from (i) and (ii), we conclude that ap,5 holds. 


Proposition 2.5. For any ideal J of a semiring S and for any ap, є P*(S/I) there exists i € 
P*(S) such that b = a + i e P*(S) and ap, = bp, 


Proof. Let ap, є Р? (S/I). Then, for some n є N, nap, = (n + 1)ap,. Hence we have the following: 
k(na) + i * (n + 0а = (Е + Ina, Kn + lja +j + na = (1+ 1Xn + Da 
for some k, іє № and i, j є І Suppose, p = max. (/, k}. Then, 
(1) рпа) t i+ (n + 1а = (p + Ina and 
(2) рт + Da + ј + ла = (р + lYn + la 
Now бот (1), we have that, 
(pn + nja + (а + i) = (рп + n)a (ii 
i.e., (pn + п)а + (а + i) + (pn + n)i = (pn + nja + (pn + ny 
ie, (рп + nya + i) + (а + i) = (pn + nya + i) 
ie, (рп + n + 1)(а + i) = (pn + nYa + 1) 
ie. b= at ie P*(S). 
From (2), we have that, 
(рп + п + р)а +; = (рп + п + р + Da 
ie, (pn + n + pat j + (a + i) = (pn + n + p + l)a [from (iii)] 
ie, ma tj* Б = (т + Ija .(a) 
where т = рп + n* pe М. 
Moreover, (a + ) +і+а = 5а + 0), ie,b +і+а= 2 ..(B) 
(а) and (B) together imply that ap, = bp}. 


Remark 2.6. Since for апу a є P*(S), ap, P*(S/D, so from Proposition 2.5., P*(S/7) = 
(ару : a € P). 
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Proposition 2.7. For ay ideal J of a semiring S, P = (Јар, is а p-ideal of S, contained 
aeP*(S) 
in 7. 
Proof. For any, p, q € P, За, b P*(S) such that p є ap, and q є bp, Then, p + дє 
(a + b)p, and xpy є (xay)p, for any x, y є S and hence P is an ideal of 5. 
Letxe P be arbitrary. Then, 3b є P and m є N such that mx + b = (m + 1)x. Hence, 
mxp; + bp, = (m + 1)xp, whence xp, e P*(S/) (since P*(S/I) is a p-ideal of the semiring 


S/I and bp, e P*(S/I). Hence x є P So, P is a p-ideal of S. Now b є Р = Uap, = 
аєР+($) 
Ja € P*(S) such that b є ap, Thus, there exist k є № and j є J such that kb + j + a= 


(k + 1)b. Thus b e P (since P is p-ideal of 5 and P*(S) c 2). 


Proposition 2.8. In an inversive semiring S, the p, classes of a full k-ideal I, and hence p, 
classes of a p-ideal I which is also a k-ideal, are precisely the idempotents of Sp, 


Proof. We recall that in an inversive semiring 5, any full ideal is a p-ideal Let / be a full 
k-ideal in S. We show that, 


E'(S/pp = 10). 


Indeed, let ap, є E*(S/p,), for some a є S, so that, ap,2a gives 3a + x = 2a and 3a + y 
= 4a for some x, y є J where the second relation gives a + у = 2a on addition of adequate 
number of a’ in both sides, giving that, a € J ie. ap, є Ip; so that, 


E'(S/p) c pr 


Conversely, we assume ap, €. lp; so that, a e J which is a full k-ideal of 5. Then ap 2a holds; 
indeed, J being a full &-ideal we have a’ є I so that, a + a’ + 2a = 2a and 2a + a + a 
= 4а establishes our claim; hence ap, є E*(S/p)) i.e., 


Іру c E*(S/p)). 


Hence the result follows. 


3. BOURNE p-CONGRUENCE 


Definition 3.1. Let J be an ideal in a semiring S. We define a relation p, on S, induced by 
I, as follows: for a, b є S, 
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арф © na t x, +b = (н + 1а + x, 
mb + y, + а = (т + 1)b + yy 
for some х], x, yj, y; € Гап m, ne N. 


Remark 3.2. For any ideal 7 of a semiring $, if =, denotes the Bourne relation [1] on 5, then 
zc p, Indeed, let for any a, b є S, а = b. Then, di, j є I such that a + i = b + j and 
so by adding a and b separately to both the sides, we get, a + j + Б = 2а + iandb + і 
+ a = 2b + j whence арб holds. 


Proposition 3.3. р, (as defined above) is a congruence on $. 


Proof. We first show that р, is an equivalence relation on S. Since S has an absorbing zero, 
it follows that, p, is reflexive; whereas symmetry of p, is obvious from its definition. Towards 
transitivity, let a p, b, Брус for some a, b, c e S. From the definition of p, we have, 


(1) ла+х+Ь=(п+1)а+х, ап 

(2) mb + у +а = (т + 1)Ь + у, г some x, x, у, y; € E m, n e № and 
(3) rb tz t*c-(r*tlbtz, and 

(4) sc t w, t = (s + Пе +w, for some 21, z, ур, € n se М. 
Now from (1) we have that, 

(r + 1)па + (r+ Dx, + (rc Db + z,-(r*lntDat(rtlDm-tz 
ie, (7+ па + (rtl), + Б + т + с = (г + lt Па + (r+ I, + 2, [from 3] 
ie, ла + r(na + x, + b) c z t x, + с = (г + Dn + Па + (rtl + 2, 
ie, na + r[((m + l)a t xj] + x, 2, + с = (у + 1и Da + (r+ 1)x, +z, [from 1] 
ie, (n + n + па t [rx t x, t z] t c 7 (пъп * r + Ya + [r + Dy, + z] 
ie, pa t ij +с= (p + Dati, EE 
where p=rn +n+re Nandi = тх, + ху tz, = (к + 0) tae I. 
Again, from (4) we have that, 

(т + Dsc + (т + Doi + im Db + у, = (т + Ts + De + (m + 1)w + y; 


- ie, (n+ l)sc t (m+ 1)w, + mb + y, + а = (т + 1)(з + 1)с + (m * 1)w, + y, [from 2] 
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ie. (m + 1)5с + (m + 1)w, + mb + y, + a = (m + 1Xs + De + (т + Dw, + y, 

ie. sc + m(sc + w, + b) + w, + y, + a = (m + 1s + Ie + (m + Dw, + y; 

ie, sc + т[(5 + l)e ^w] + w, * y *a-(m-*iys-*l) + (mt 1)w, + y, [from 4] 

ie. (ms + m + s) + [mw, + w, + yj] + a — (ms + m * + Des 4 
[т + 1)», + ya] 

ie, qc + jj +а = (9 + De + ], .. (B) 

where д = ms + m + se N and j = mw, + wi + y, = (т + lw, + у, є IL 


Clearly (œ) and (B) together imply that арс holds i.e., the relation p, is transitive. So, 
ру is an equivalence relation. We now show that, actually p; is a congruence relation of 5. 
Let, for some a, b, c, d € S, ap,b and cp hold. Then we have, 


(5) na tx, +6 = (п + Па + x, апа 
(6) тЬ+у,+а=(т+ 0)Ь + у, for some x, x, Yp y; € Il; m, n e № and 
(7) sc+w,+d=(s+ De +w, апі 
(8 а +2 +с= (1+ 0а + z, for some W,, Wy, Zp zi? e 5 ste М. 
It is easy to see that, 
Ha + c) + (x + wi) + (b + а) = (k + Xa + с) + (х, + wy), 
where x, + ур, X + w, є I and Е = max(n, s) є №, and also, 
Hb + d) + (у +2) + (a + с) = (r + 1Xb + d) + (у, + z) 
where y, + 21, y; + 2. є I and r = max(m, г) є M, which together imply that, 
(a + сур + d) hold. 
we further see that, for some c є 5, we have from (5) and (6) that, 
nac + хус + bc = (n + 1)ас + хус and — 
mbc + y,c + ac = (т + l)bc + y», 


where хүс, хус, уус, уус є Las J is an ideal, showing that, (ac)p (bc) holds. In a similar 
maner, it can be also shown that, (са)р (сБ) holds, whence p, is a congruence оп S. 
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Proposition 3.4. For an ideal Т of a semiring S, P = (a є 5: ap,€ P*'(S/I)) is a p-ideal 
of S containing 7. also, А = р. 

Proof. Let а, b є P. Then Ял, т € N such that nap, = (п + 1)ap, and mbp, = (т + 1)bp, 
whence Җа + b)p, = (k + 1)(а + b)p; where k = тах. {п, т}. thus a + b e P. For any 
x € S, nap, = (п + 1)ар, = nxap, = (л + 1)хар, пахр = (п + l)axp, > xa, ах € Р So, 
Р is an ideal of S. 


Let x є S such that nx + a = (n + 1)x for some a e P and n є Й. Then, nxp, + ap, 
= (п + Dxp, 2 xp, e P'(S/I) (since, P*(S/I) is a p-ideal of S/I and ap, e P'(S) = xe. 
P. So, P is a p-ideal of S. 


Since, 0 є J, for any ¿ie і +і + 0 = 21+ 0 ааб +і+ і = 0 + 2i which together 


imply that, ip,0 holds for all ie 7. Hence, 7 c; 0р,. Clearly, (Jap ; С P; so, in particular 
ae aeP* (S) 
0p, c P. Consequently, Г с Р. So, f с Р = P (since, P is a p-ideal of ©). Conversely, let x 


€ P. Then, x + p = q for some p, q є P. Now, p e P > пррү.= (n + 1)pp, for some 
ne M = An + 1)р + і + пр = (Е + 1\(п + l)p + ] for some і je Гаі ке М = 
(пък + п)р+і+ (т +Е + п) = (т +k t+n+ Ip + ј + (т + Е + ny > 
(n ck п(р+ ў) += (ттк ъв + 1р +) ә р+јє Ї > рє Ї. Similarly, 
qc f.Thu,x ^p-qxe f. | 
Proposition 3.5. If / is a p-ideal of S, then S/ = 5/7 with P'(S/I) = :0pj). 
Proof. Since, Гс 7 , it is immediate to write that ар, — ару for any, a, b € S. Conversely, 
let а, b € S such that ap;5 holds. Then, 

(1) na * x, * b = (n + Da * x, 

(2) mb y, *a-(m-* 1b + y, 

for some ху, x, yj, y; E J; m, n M. Moreover, 


(3) җе Гэх +i = 4, 


(4) х) є І хф, 
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(5) ye Ff әу += л, 

(6) є әу += Л, 

for some i, iz, jẹ J, € Kk = 1, 2); m, пе N. Now, from (1), (3), (4) we have that, 
па + (x +) +1, + = (л + 1)а + (ху +) + nat (0+0) + Б = (л + Dac (i, +i) 
э ла+1+Ь = (п + 1)а + Ё... (a), whee i= į} +i, = i, + є І 

Again, from (2), (5), (6) we have that, 

mb + (у, + i) + ip +a = (m+ 1b + (+) + i, => mb + (+) t+ a= 
(п + Db + (+j) 9 mb +j + a= (m+ 1b +7 (B, where j= Jj +] = 
ГА *jel. 

Thus, from (0) and (В), ap,5 holds. 

Now, from Proposition 3.3 J = P (since, J is a p-ideal). Consequently, J с (a € S: 
ар; e P*(s/I)) (Proposition 3.) = (a e 5: ар, є PSD} = Рс P = Г whence T 
= Р. It is easy to show that 0р; is a k-ideal of 5. Hence, P= I с 0p, c P — Р = 0p, 
= P'(S/I)- {0р}. 
Proposition 3.6. If J is a maximal p-ideal of a commutative semiring S, such that 7 s 5, 
then S/I is a p-semifield. 


. Proof. Since, J is a maximal p-ideal and 7 + S, so I= І = Op, and thus P*(S/) = (0pj) 
= (I). Let J be а p-ideal of S/I such that P'(S/I) c J c S/I. Let us write, J, = {ae S: 
ap,€ Jj. Clearly, Jy is p-ideal of S. Moreover, since (Jj = P'(S/I) с J, so I c Jy. Then, 
by the maximality of J as p-ideal, Jj 778-8So, J = SII. Hence, S/I is a p-semifield. 


— 
~. 
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modified forms of continuity for multifunctions between bitopological spaces. 
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= 1. INTRODUCTION 


Semi-open sets, preopen sets, a&-open sets and B-open sets play an important role in the 
researches of generalizations of continuity in topological spaces and bitopological spaces. By 
using these sets, many authors introduced and studied various types of modifications of 
continuity for functions and multifunctions in topological spaces and bitopological spaces. The 
notion of irresolute functions was introduced b Crossley and Hildebrand [8]. This notion was 
extended to multifunctions by Ewert and Lipski [11] and studied in [40] and [43]. The notion 
of preirresolute multifunctions is introduced іп [41] and studied in [25]. The notion of o- 
irresolute multifunctions is introduced by Noiri and Nasef [34] and studied in [44]. Recently, 
Abd El-Monsef and Nasef [3] introduced and studied the notion of y-irresolute multifunctions. 
Furthermore, B-irresolute multifunctions are studied in [40] and almost irresolute multifunctions 
are studied in [48]. 


Maheshwari and Prasad [23] and Bose [6] introduced the concepts of semi-open sets 
and semi-continuity in bitopological spaces. Jelic [12], Kar and Bhattacharyya [14] and Khedr 
et al. [16] introduced the concepts of preopen sets and precontinuity in bitopological spaces. 
The notions of a-open sets (or feebly open sets) and a-continuity (or feeble continuity) in 
bitopological spaces were studied in [13], [31] and [18]. The notions of semi-preopen sets and 
semi-precontinuity in bitopological spaces were studied in [16]. The notion of irresolute 
functions in bitopological spaces is introduced and studied in [24]. In [32] Nasef studied almost 
quasi-continuous functions in bitopological spaces. Some generaliztions of irresolute functions 
in bitopological spaces are studied in [18], [31] and [17]. 
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Recently, the present authors [45], [46] introduced and investigated the notions of minimal 
structures, m-spaces, m-continuity and A-continuity for functions. Moreover, in [36], we 
extended the concept of M-continuity to functions in bitoopological spaces. In the present paper, 
we introduce multifunctions between biiopological spaces called (i, /)- upper/lower M- 
continuous. The multifunctions turn out generalizations of the following functions and 
multifunctions: | um 
(1) some irresolute multifunctions in topological spaces, 

(2) modifications of continuous functions in bitopological spaces, 


(3) (i J-M-continuous functions in bitopological spaces. 


We present some characterizations and properties of (i, j)-upper/lower M-continuous 
multifunctions in bitopological spaces. In -he last section, we introduce several new types of 
(i, j)-upper/lower M-continuous multifunctions in bitopological spaces. 


2. PRELIMINARIES 


Let (X, т) be a topological space and 4 a. subset of X. The closure of А and the interior of 
A are denoted by СКА) and Int(A), respect: vely. A subset А is said to be regular closed (resp. 
regular open) if Cl(Int(4)) = A(resp. Int(Cl(4)) = А). A subset А is said to be 8-open [50] 
if for each x € A there exists a regular open set С such that x є G c A. A point x e X 
is called a õ-cluster point of A if Int(CI(V) ^ А + 9 for every open set V containing x. The 
set of all ó-cluster points of A is called the -closure of A and is denoted by Cl;(4). The set 
(xe X:x € U c A for some regular open set U of X} is called the -interior of A and 
is denoted by Int,(4). 


Definition 2.1. Let (X, т) be a topological space. A subset 4 of X ‘is said to be a-open [33] 
(resp. semi-open [21], preopen [27], B-open [1], b-open [4] or y-open [9]) if A c Int(Cl(Int(4))) 
(resp. A c Cl(int(A)), A c Int(Cl(4), A c Cl(Int(Cl(4)), A c Int(Cl(4)) v Cl(Int(4))). 

The family of all semi-open (resp. preopen, @-ореп, B-open, y-open) sets in X is denoted 
by SO(X) (resp. PO(X), a(X), В(Х), YD). 


Definition 2.2. [The complement of a semi-open (resp. preopen, &-open, B-open, y-open) set 
is said to be semi-closed [7] (resp. preclosed [10], a-closed [28], B-closed [1], y-closed [9]). 


Definition 2.3. The intersection of all semi-closed (resp. preclosed, o.-closed, B-closed, y-closed) 
sets of X containing A is called the semi-closure [7] (resp. preclosure [10], a-closure [28], 
B-closure [2], y-closure [9] of A and is denozed by sCI(A) (resp. рСҢА), &.CI(A), gC (4), CKD). 


Definition 2.4. The union of all semi-open (resp. preopen, @-ореп, В-ореп, y-open) sets of 
X contained іп A is called the semi-interior (resp. preinterior, interior, B-interior, y-interior) 
of А and is denoted by sInt(A) (resp. ріп:(А), alnt(A), 81114), A). 
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Throughout the present paper (X, т) and (Y, с) always denote topological spaces and 
(X, Ti 15) and (Y, су, 65) denote bitopological spaces. The closure of А and the interior of 
A with respect to т, are denoted by iCl(4) and ilnt(A), respectively. A point x € X is called 
an (i, /)-0-сіоѕиғе point [15] (resp. (i, j)-5-contact point [5]) of a subset А if jCI(U) с A + 
o (resp. iIntGCI(U)) N А # ø) for every topen set U of X containing x. The set of all (і, 
j)-9-closure (resp. (i, /)-5-contact) points of A is denoted by (i, /)С1 (А) (resp. (i, /)Cl;(4)). 
If A = (i, )Clg(A) (resp. А = (i, /)Cls(4)), then А is called (i, /)-0-closed (resp. (i, j)-8-closed). 
The complement of an (i, j)-0-closed (resp. (i, /)-0-closed) set is said to be (i, /)-0-open (resp. 
(i, j)-9-open). It is proved in [15] that the family of all (i, /)-0-open (resp. (i, /)-b-open) sets, 
denoted by (i, /)Ө(Х) (resp. (1, /)6(X)), is a topology for X. A subset A of a bitopological space 
(X, ту, т,) is (i /)-regular open if A = iInt(jCl(A)). 

For a multifunction F : X — Y, we shall denote the upper and lower inverse of a subset 
B of a space Y by (В) and FB), respectively, that is 


ЕВ) = {x e X : F(x) c В} and F(B) = (x e X: F(x) В = 0}. 
Definition 2.5. A multifunction F : (X, т) — (У, с) is said to be 


a) upper-irresolute [11] (resp. upper-preirresolute [41], upper-a-irresolute [34], upper- 
B-irresolute [42], upper-y-irresolute [3], upper almost irresolute [48]) if F'(V) is semi-open 
(resp. preopen, a-open, В-ореп, y-open, B-open) for each semi-open (resp. preopen, @-ореп, 
B-open, y-open, semi-open) set V of (Y, с), 


(b) lower-irresolute [11] (resp. lower-preirresolute [41], lower-o.-irresolute [34], lower- 
B-irresolute [42], lower-y-irresolute [3], lower almost irresolute [48]) if F-(V) is semi-open 
(resp. preopen, &-open, В-ореп, t-open, B-open) for each semi-open (resp. preopen, &-open, 
B-open, y-open, semi-open) set V of (Y, 0). 


3. MINIMAL STRUCTURES AND M-CONTINUITY 


Definition 3.1. A subfamily m, of the power set Z(X) of a nonempty set X is called a minimal 
structure (or briefly m-structure) [45], [46] on X if о € my and X є my. 


By (X, my) (or briefly (X, m)), we denote a nonempty set X with a minimal structure 
my on X and call it an m-space. Each member of my is said to be my-open (or briefly m- 
open) and the complement of an my-open set is said to be my-closed (or briefly m-closed). 


Remark 3.1. Let (X, т) be a topological space. Then the families SO(X), PO(X), a(X), B(X) 
and Y(X) are all m-structures on X. 


Definition 3.2. Let X be a nonempty set and my an m-structure on X. For a subset А of X, 
the m,-closure of A and the my-interior of A are defined in [26] as follows: 
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() mCK(4)- n(F:AcEX-Fe my}, 

(2) mint(A) = U{U: UC A, Ue my}. 
Remark 3.2. Let (X, т) be a topological space and 4 be a subset of X. If my = т (resp. SO(X), 
PO(X) a(X), BCX), WX), then we have 

(a) mCI(A) = СҚА) (resp. sCl(4), рСЇ(А), «СКА, gCl(4), CK. 

(b) тА) = Int(A) (resp. sInt(A), pInt(A4), cInt(A), glnt(4), int(A)). 


Lemma 3.1. (Maki et al. [26]). Let (X, my) be an m-space. For subsets A and B of X, the 
following properties hold: 


(1) mCK(X — A) = X — mint(4) and mint(X — A) = X — mCY(A), 

(2) If (X— A) є my, then тСЇ(Ау = А and if A € my, then mlnt(A4) = A, 
(3) тС(0)= 0, mCl(X) = X, mInt(9) = 9 and mint(X) = X, 

(4) If A c B, then тСҚА) c тСҚВ) and mint(A) = mlnt(B), 

(5 A c mCI(A) and mint(A) c A, 

(6) mCl(mCl(4)) = тСҚА) and mlnt(4)) = miInt(A). 


Lemma 3.2. (Popa and Noiri [45]). Let (X, my) be an m-space and A a subset of X. Then 
x € mCI(A) if and only if U ^ A + 0 for every О € m, containing x. 


Definition 3.3. A minimal structure ту on a nonempty set X is said to have property & [26] 
if the union of any family of subsets belonging to ту belongs to my. 


Lemma 3.3. (Popa and Noiri (47]). Let (X, my) be an m-space and my have property €. Then 
for a subset A of X, the following properties hold: 


(1) 4 e my if and only if mInt(4) = 4, 
(2) A is m-closed if and only if mC\(A) = A, 
(3) mint(4) є my and тСҚА) is m-closed. 
Definition 3.4. A multifunction F : (X,s my) > (Y, my) is said to be 


(1) upper M-continuous [35] if for each x e X and each У € my containing F(x), there 
exists О € my containing x such that F(U) c K 


(2) lower M-continuous [35] if for each x є X and each V є my such that F(x) ^ 
И Q, there exists Ue my containing x such that F(u) ^ V # Q for each u e U. 


Theorem 3.1. (Noiri and Popa [35] For a multifunction F : (X, my) (Y, my), where m, 
has property ©, the following properties are equivalent: 
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(1) F is upper M-continuous; 

(2) ЕИ) = mint(F*(V)) for every V € my; 

(3) К (К) = mCI(F(K)) for every my-closed set К of Y; 
(4) mCI(F(B)) c F'(mCI(B)) for every subset В of Y; 
(5) F'(mint(B)) c mint(F*(B)) for every subset B of Y. 


Corollary 3.1. Ler my and my be m-structures with property &. For a multifunction F: 
(X, ту) > (X my), the following properties are equivalent: 


(1) F is upper M-continuous; 

(2) F'(V) is my-open for every V тү; 

(3) F(K) is my-closed for every my-closed set К of Y. 
Proof. The proof follows from Theorem 3.1 and Lemma 3.3. 


Theorem 3.2. (Noiri and Popa [35]) For a multifunction F : (X, my) > (Y, my), where my 
has property ®, the following properties are equivalent: 


(1) F is lower M-continuous; E 

(2) FY(V)- mint(F(V)) for every V є my 

(3) F'(K)- mCI(F*(K)) for every my-closed set К of Y; 
(4) mCI(F*(B)) c F'(mCWB)) for every subset B of Y; 
(5) F(mint(8)) c mint(F (B)) for every subset B of Y; 
(6) F(mCI(A)) c mCI(F(A)) for every subset А of X. 


Corollary 3.2. Let my, and my be m-structures with property &. For a multifunction F : 
(X, my) > (X, my), the following properties are equivalent: 


(1) F is lower M-continuous; 

(2) ЕИ) is my-open for every V є my 

(3) F'(K) is my-closed for every my-closed set K of Y. 
Proof. The proof follows from Theorem 3.2 and Lemma 3.3. 


4. MINIMAL STRUCTURES AND BITOPOLOGICAL SPACES 
First, we recall some definitions of weak forms of open sets in a bitopological space. 


Definition 4.1. A subset 4 of a bitopological space (X, тү, 15) is said to be 
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(1) (i j}semi-open [23] if А c jCKnt(4), where i +j, i, j = 1, 2, 
(2) (i })-ргеореп [12] if A c üUnt(jCI(4)) where i € j, i, j = 1, 2, 
(3) (i j-a-open [13] if А c ilnt(Cl(iInt(4)), where i # J, i, j = 1, 2, 


(4) (i, J)-semi-preopen [16] if there exists an (i, /)-preopen set О such that Uc 4 c 
JC(U) where i # j, i, j= 1, 2, 


(5) faintly semi-open [29] if А с t,-Cl(t,-Int(4)) Y 1,-Cl(t,-Int(A)). 

The family of (i, /)-semi-open (resp. (i, /)-ргеореп, (i, /)}--open, (i, /)-semi-preopen) sets 
of (X, ту, т,) is denoted by (i, /)SO(A) (resp. (i, j)PO(X), (i, Л0(Х), (1, /SPO(X)). 
Remark 4.1. Let (X, ту, t,) be a bitopological space and A a subset of X. Then (i, /)SO(X), 
(i, j)PO(X), (i, j)o(X) and (i, /)SPO(X) are all m-structures on X. Hence, if тї, = (i, /)SO(X) 
(resp. (і, )PO(X), (1, DaX), (i, SPO(X)), then we have 


(1) m$ CI(A) = (i j)-sCI(4) [23] (resp. (i j)-pCI(A) [16], G, /-@С1(А) [31], (£ J)-spCI(4) 
[16]), 


(2) né Int(A) = (i j)-sInt(4) (resp. (i /)-pInt(4), (i /)-olInt(A), (i j)-splnt(4)). 


Remark 4.2. Let (X, ту, t;) be a bitapological space. Then 


(1) Let m = (i, )SO(X) (resp. (i, /)0(Х7). Then by Lemma 3.1 we obtain the results 
established in Theorem 13 of [23] (resp. Theorem 3.6 of [31]). 


(2) Let тї, = (i, )SO(X) (resp. (i, PO), G, j)aX), (i /)SPO(X)). Then, by Lemma 
3.2 we obtain the results established in Theorem 1.15 of [22] (resp. Theorem 3.5 
of [16], Theorem 3.5 of [31], Theorem 3.5 of [16]). 


Remark 4.3. Let (X, т, 15) be a bitapological space. Then 


(1) (4/)SO(X) (resp. (i, J)PO(X), (1, DaX), (4, J)SPO(X)) is an m-structure on X satisfying 
property @ by Theorem 2 cf [23] (resp. Theorem 4.2 of [14] or Theorem 3.2 of 
[16], Theorem 3.2 of [31], Theorem 3.2 of [16]). 


(2) Let n, = (i, j)SO(X) (resp. (i, )PO(X), (2, DaX), (1, J)SPOCX)). Then, by Lemma 
3.3 we obtain the results established in Theorem 1.13 of [22] (resp. Theorem 3.5 
` of [16], Theorem 3.6 of [31], Theorem 3.6 of [16]). 
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5. M-CONTINUITY AND BITOPOLOGICAL SPACES 


Definition 5.1. A function f: (X, ту, т) > (Y, 6), 6) is said to be (i, j)-irresolute [24] (resp. 
(i, j)-preirresolute [18], (i, j)-a-irresolute or (i, j)-feebly continuous [31], (i, j)-B-irresolute [42], 
(i, j)-9-continuous [17], FS-irresolute [29] if РР) is (i, /)-semi-open (resp. (i, /)-ргеореп, 
(i, /)-a.-open, (i, b)-B-open, (i, /)-$-ореп, faintly semi-open) in X for each (i, j)-semi-open (resp. 
(i, j)-preopen, (i, j)-a-open, (i, /)-В-ореп, (i, /)-9-open, faintly semi-open) set V of Y. 
Definition 5.2. A function f: (X, т, 7,) > (Y, 61, O2) is said to be (i, )-/aintly semi-continuous 
[19] (resp. (i, /)-/aintly precontinuous [19], (i, j)-faintly B-continuous [19] if f (V) is (i, j} 
semi-open (resp. (i, /)-ргеореп, (i, /)-В-ореп) in X for each (i, /)-0-open set V of Y. 
Definition 5.3. A function f: (X, тү, т) > (Y, С, 6) is said to be (i, /)-almost quasi-continuous 
[30] if /-(V) is (i, j)-semi-open in X for each (i, j)-regular-open set V of Y. 

Definition 5.4. A multifunction F : (X, тү, Ta) (Y, С), 0;) is said to be 


(D (i Л-иррет 5-continuous [20] if F'(V) є (i, j)&(X) for each У є (i, De), 
(2) (i Mower 5-continuous [20] if F (V) є (i, j)8(X) for each V e (i, j)8(Y). 


Remark 5.1. Let (X, ту, 15) and (Y, Су, 62) be bitopological spaces. Let тї, (resp. ту) be 
an m-structure on X (resp. Y) determined by t, and т, (resp. 0, and GO). In case т, = 
(i /)8(X) and т} = (i, (Р), a multifunction F : (X, tj, т) > (Y, 6, 95) is (i, j)-upper/ 
lower -continuous if and only if a multifunction F : (X, 74.) — (Y, ту) is upper/lower M- 
continuous. 


Now, we can state the main definition of the present paper as follows: 


Definition 5.5. Let (X, ту, t,) and (Y, с), 6,) be bitopological spaces. Let лт, (resp. mj) 
be an m-structure on X (resp. Y) determined by т, and т, (resp. o, and о,). A multifunction 
F : (X, ту, ту) > (Y, 0), с.) is said to be (i, /)-upper/lower M-continuous if a multifunction 


Е: (X, mti) 2 (Y, ту) is upper/lower M-continuous. 
Remark 5.2. (1) The (i, j)-upper/lower -continuous multifunction is a particular case of 
(i, j)-upper/lower M-continuous multifunction. 


(2) The multifunction in Definition 5.5 is a generalization of each of the following 
functions: 


(a) multifunctions defined by Definition 2.5, 
(b) functions defined by Definitions 5.1, 5.2 and 5.3, 
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(c) functions defined by Definition 4.3 of [36]. 


By Definition 5.5, Theorems 3.1 and 3.2 and Corollaries 3.1 and 3.2, we obtain the 
following two theorems. 


Theorem 5.1. Let (X, ту, t)) and (Y, с, o5) be bitopological spaces. Let mi, (resp. ту) be 
an m-structure on X (resp. Y) determined by тү and ^ (resp. 0, and 65), where т has property 
2. Then for a multifunction F : (X, *,, т) > (Y, 0, 6»), the following properties are equivalent: 

(1) F is (i, j)-upper M-continuous; 

(2) ЕУ) = mÜInt(F'(V)) for every Ve my; 

(3) F(K) = m$ CI (K)) for every: m; -closed set К of Y; 

(4) п CIF (B) c F(t СҚВ)) for every sbset B of Y, 

(5) F'(GmrInt(B)) c т Int(F'(B) for every subset B of Y. 
Corollary 5.1. Let (X, ту, т,) and (Y, сі, 0) be bitopological spaces. Let m^, (resp. ml) 
be an m-structure on X (resp. Y) determined by ту and т, (resp. бү and с), where m^, and 


m) have property &. Then, for a multifunction F : (X, тр, ta) > (Y, бү, 64), the following 
properties are equivalent: 


(1) F is (i, j)-upper M-continuaus; 
(2) F'(V) is тї,-ореп for every m} -open set V of Y; 
(3) F(K) is тт. -closed for every nd -closed set K of Y. 
Proof. This is an immediate consequenze of Theorem 5.1 and Corollary 3.1. 
Remark 5.3. If m, = (i, j)8(X) and n = (i, j)&(Y), then by Theorem 5.1 and Corollary 5.1 
we obtain the results established in Theorem 2.3 of [20]. 
Theorem 5.2. Let (X, ту, т,) and (Y, O}, б) be bitopological spaces. Let тї, (resp. ml) be 
an m-structure on X (resp. Y) determined by тү and ^. (resp. o, and 65), where nij, has property 
©. Then, for a multifunction Е: (X, 1,, 15) > (Y, 6,, 6), the following properties are equivalent: 
(1) F is (i, j)-lower M-continuous; 


(2) FW = т, Int(F (V) for every тў -ореп set V of Y; 
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(3) FK) = ml. СКК) for every m! -closed set К of Y; 
(4) mY СҚЕЧ(В)) c Ети Cl(B)) for every subset B of Y; 
(5) F-(milt(B)) c то Int(F-(B)) for every subset B of Y; 
(6) Ето, СҚА)) c m CI(F(A)) for every subset A of X. 


Corollary 5.2. Let (X, ту, т,) and (Y, су, 02) be bitopological spaces. Let тї, (resp. 


my) be an m-structure on X (resp. Y) determined by тү and т, (resp. o, and ©), where тї, 


and тў have property &. Then, for a multifunction Е: (X, т, т) (Y, С, 65), the following 
properties are equivalent: 


(1) F is (1 j)-lower M-continuous; 
(2) FV) is т", -open for every ту -open set V of Y; 
(3) F'(K) is тб, -closed for every ni -closed set K of Y. 


Remark 5.4. (1) If n”, = (i, j)6(X) and ту = (i, j)&(Y), then by Theorem 5.2 and Corollary 
5.2 we obtain the results established in Theorem 2.2 fo [20]. 

(2) In case ў: (X, ту, ту) > (Y, су, 65), by Theorem 5.1 (or Theorem 5.2) and Corollary 
5.1 (or Corollary 5.2), we obtain the results established in Theorem 4.1 and Corollary 4.1 of 
[36]. | 


6. SOME PROPERTIES OF (i, /)-UPPER/LOWER M-CONTINUITY 


Definition 6.1. For a multifunction F : (X, my) > (X my), we define a multifunction mCI(7): 
(X, my) > (Y, my) as follows: (mCI(F)\x) = mCI(F(x)) for each x e X 

Lemma 6.1. If F : (X, ту) (Y, my) is a multifunction, then (mCKF)y (V) ^ F (V) for each 
my-open set V of Y. 

Proof. Let V be any m,-open set and x є (mCI(F)) (V). Then V ^ (mCI(F))(x) = V à mCI(F(x)) 
# @. Therefore, there exists у є V ^ mCl(F(x)). Since y є mCI(7(x)) and ye Ve my, by 


Lemma 3.2 V ^ F(x) # 0 and hence x є F (V). Conversely, let V є my and x e F (V), then 
6 * F(x) ^ V c СКН) ^ У = (тСКЕ))(х) ^ V and hence x є (mCl() (V). 
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Theorem 6.1. 4 multifunction F : (X, my) > (Y, my) is lower M-continuous if and only if 
mCI(F) is lower M-continuous. 


Proof. Necessity. Suppose that F is lower M-continucus. Let x € X and V be any ту-ореп 
set of Y such that (mCI(F))(x) ^ V # 0. By Lemma 6.1 we have x (mCI(F)) (V) = F(V) 
= F (V) and hence F(x) ^ V# 0. Since F is lower M-continuous, there exists U є my containing 
x such that F(u) ^ V + 6 for eacy и € U. Hence we have (mCl(F))(z) ^ V + @ for each 
и € U. This shows that mCl(7) is lower M-continucus. 


Sufficiency. Suppose that mCI(F) is lower M-continuous. Let x € X and V be any my 
open set of У such that F(x) ^ V = @. Then, by Lemma 6.1 we have x e F (V) = (mCl(7)) 
(V) and hence (mCI(F))(x) ^ V 2 Q. Since mCI(F) is lower M-continuous, there exists U є 
my containing x such that (mCI(F))(u) ^ V + @ for each и e U. By Lemma 6.1, we have 
u € (mCI() (V) = ЕИ) for each и e U. Thus, we have F(u) ^ V + $ for each u e U. 
Thus, F is lower M-continuous. 


Remark 6.1. Let (X, т) and (Y, с) be topological spaces. if my = SO(X) (resp. PO(X), (X), 
BCX), W(X) and my = SO(Y) (resp. POCY), a(Y), BC), YO), then by Theorem 6.1 we obtain 
the result established in Theorem 2 of 43] (resp. theorem 3.5 of [41] and Theorem 6 of [25], 
Theorem 6 of [44], Theorem 3.6 of [10], Theorem 3.5 of [3]). 

Corollary 6.1. Let (X, ту, т,) and (Y, су, 6) be bitopological spaces. Let m}, (resp. ту) 
be an m-structure on X (resp. Y) determined by 1, and ^, (resp. 0, and 6»). Then, a multifunction 
BS ть т) э (Y, С), >) is (i, j)-iower M-continuous if and ony if mCI(F) : (X, т, т.) 
(Y, 6, 6) is (i, j)-lower M-continvous. 

Proof. This follows from Definition 5.5 and Theorem 6.1. 


Definition 6.2. An m-space (X, my) is said to be m-compact [35] if every cover of X by my- 
open sets has a finite subcover. A subset K of (X, my) is said to be m-compact [44] if every 
cover of К by my-open sets has a finite subcover. 


Theorem 6.2. (Noiri and Popa [35]) Let (¥ my) be an m-space and my an m-structure with 
property B. If Е : (X, my) — (Y, my) is an upper M-continuous multifunction such that F(x) 
is m-compact for each x e Х and К is an m-compact set of X. then F(K) is m-compact. 

Definition 6.3. Let (X, tj, т,) be a bitopological space and тї, an m-structure determined 


by ту and t,. a subset К of X is said to be (i, j)-m-compact if К is m. -compact. 


Corollary 6.2, Let (X, ту, 1,) and (Y с), 6,) be bitopological spaces and ту, (resp. ту) 
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an m-structure on X (resp. Y) determined by тү and т, (resp. бү and 05), where m? has property 
B. If F : (X, т, vj) > (Y, 0, 6) is an (i, j)-upper M-continuous multifunction such that 
F(x) is (i, j)-m-compact for each x € X and К is an (i, j)-m-compact set of X, then F(K) is 
(i, j)-m-compact in Y. 


Proof. This is an immediate consequence of Definitions 5.5 and 6.2 and Thorem 6.2. 


Remark 6.2. If f : (X, ту, т,) > (Y, 6), O2) is a function, then by Corollary 6.2 we obtain 
the result established in Theorem 5.2 of [36]. 


Definition 6.4. A multifunction F : (X, my) — (Y, my) is said to be 


(1) upper M-continuous at a point x є X if for each V my containing F(x), there exists 
О € my containing x such that F(U) c E 


(2) lower M-continuous at a point x € X if for each V € my such that F(x) ^ V + 
ø, there exists U є my containing x such that F(u) ^ V + 9 for each u € U. 


Definition 6.5. Let (X, my) be an m-space and A a subset of X. The my-frontier of A, denoted 
by mFr(A) [46], is defined by mFr(4) = mCl(4)mCI(X — А) = mCI(A4) — mint(A). 
Theorem 6.3. The set of all points x € X at which a multifunction F : (X, my) (Y, my) 
is not upper/lower M-continuous is identical with the union of the my-frontiers of upper/lower 
inverse images of my-open sets containing/meeting F(x). 

Proof. Let x be a point of (X, my) at which F is not upper M-continuous. Then, there exists 
V є my containing F(x) such that U (X — F'(V)) + 9 for every U є my containing x. 
By Lemma 3.2, we have x є mCI(X — F'(V)). Since x є F'(V), we have x e mCI('(V)) 
and hence x e mFr(F*(V)). Conversely, let V € my containing F(x) and x e mFr(F'(V)). Now, 
assume that F is upper M-continuous at x, then there:exists U є my containing x such that 
F(U) c V; hence U c F*(V). Therefore, we obtain x є mint(F*(V)). This is a contradiction. 
Therefore, F is not upper M-continuous. Since the proof for lower M-continuous multifunctions 
is similar, it is omitted. 


Corollary 6.3. Let (X, т, т,) and (Y, с, G2) be bitopological spaces and тїї, (reesp. mj) 
an m-structure on X (resp. Y) determined by 1, and ^, (resp. бү and с), where т}. has property 
€. The set of all points x є X which a multifunction F : (X, т, 14) > (Y, С), б.) is not 
(i, j)-upper/lower M-continuous is identical with the union of the ni, -frontiers of upper/lower 
inverse images of тү -open sets containing/meeting F(x). 


Remark 6.3. If f : (X, т, т) > (Y, С, с.) is a function, then by Corollary 6.3 we obtain 
the result established in Theorem 5.4 of [36]. 
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7. NEW FORMS OF (i, )-M-CONTINUOUS MULTIFUNCTIONS 


There are many modification sof open sets in topological spaces. First, we recall 0-closed sets 
due to Velicko [50]. Let (X, т) be a topological space and А a subset of X. A point x e X 
is a 0-cluster point of А if CI(V) 4 + à for evry open set V containing x. The set of all 
-cluster points of A is called the 6-closure of A and is denoted by С1(А). If 4 = СІ(4), 
then А is said to be 0-c/osed [50]. The complement of a 0-closed set is said to be 0-open. 
The union of all 0-open sets contained in A is celled the @-interior of A and is denoted by 
Int,(A). 

Let (X, ту, т) be a bitopological space and 4 a subset of X. The 6-closure (resp. 0- 
closure) of 4 and the 6-interior (resp. 0-interior) of A with respect to т, are denoted by Cl;(4) 
(resp. ,С1.(4)) and int,(4) (resp. iInt,(A)). The notions of ó-semiopen sets [39] and 5-preopen 
sets [49] are generalized in [37] and [38] to the setting of bitopological spaces as follows: 
Definition 7.1. A subset A of a bitopological space (X, ту, 15) is said to be 

(1) (i Л-ё-ѕеті-ореп [37] if А c jCl(/nt;(4)), where i +j, j = 1, 2, 

(2) (i j)-5-preopen [38] if A с ilntQCl;(4)), where i +j, i j = 1, 2, 

(3) (i j-9-b-open if А c int(jCl;(4)) U jCl(Inti(A)), where i +j, i, j = 1, 2, 

(4) (i, j}8-semipreopen (simply (i, J)-9-sp-open) if there exists ап (i, j)-0-preopen set 
U such that U c A c jCI(U), where i + jCI(U), where i # j, i, j = 1, 2. 


Definition 7.2. A subset 4 of a bitopological space (X, ту, т,) is said to be 

(1) (i, j}8-semi-open if A c jCl(int,(A)), where i +j, i, j = 1, 2, 

(2) (i j)-9-preopen if A c ilnt (jCl(A4)), where i +j, i, j = 1, 2, 

(3) (i j)-8-b-open if А c ilnt(jClg(4)) о СКАП (4)), where i +j, i, j = 1, 2, 

(4) (i j)-8-semipreopen (simply (i, j)-0-sp-open) if there exists an (i, j)-0-preopen set 
О such that U c А c jCI(U), where i +j, i, j = 1, 2. 

Let (X, ту, 15) be a bitopological space. The family of (i, /)-$-ѕеті-ореп (resp. (i, J} 
5-preopen, (i, /)-0-b-open, (i, /)-8-ѕр-ореп, (i, /)-0-semi-open, (i, j)-0-preopen, (i, j)-0-5-open, 
(i, j)-8-sp-open) sets of (X, T}, 15) is denoted by (i, /)8SO(X) (resp. (i, /)8PO(X), (i, j)68BO(X), 
(i J6SPO(X), (i, OSON, (i, j)ePO(X), (i, /)8BO(X), (i, )eSPO(X)). 

Remark 7.1. Let (X, ту, t?) be a bitopological space. The families (i, /)6SO(X), (i, J)6PO(X), 


(2 )8BO(X), (i, j)8SPOQO, (i, /)eSO(X), (і, /OPOLX), (i, )ӨВО(Х) and (i, /)8SPO(X) are all 
m-structurs with property &. 
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For a multifunction F : (X, т, $9) — (Y, С), 05) we can define many new types of 
(i, j)-upper/lower M-continuous multifunctions. For example, in case т”, = (i, 7)5SO(X) (resp. 
(1 SPOX), Ci, JEBON), (i, SPOX), (i, )0SO(X), (i, IPOX, (i, )0BO(X), (і, /)eSPO(X) 
and my = (i, j)8SO(Y) (resp. (i, JPOP), (i, DEBO), (i j)8SPOCY), (і, NOSON), (і, DOPO), 


(i, ЛӨВО(У), (i JSSPO(Y), we can define new types of (i, j)-upper/lower M-continuous 
multifunctions as follows: 


Definition 7.3. A multifunction F : (X, ту, т) > (Y, бу, 65) is said to be 
(1) (i J)-upper/lower 5-semi-irresolute if F : (X, (i, )8SO(X)) (Y, (i, )8SO(Y)) is 
upper/lower M-continuous, 


(2) (i, J)-upper/lower 8-preirresolute if F : (X, (1, )8PO(X)) > (У, (i, J)6PO(Y)) is upper/ 
lower M-continuous, | 


(3) (i p-upper/lower -b-irresolute if F : (X, (i, })9ВО(Х)) > (Y, (i, )8BO(Y)) is upper/ 
lower M-continuous, 


(4) (i j)-upper/ower 8-sp-irresolute if Е : (X, (i, 6SPO(X)) > (Y, (i, J)8SPO(Y)) is 
upper/lower M-continuous. 
Definition 7.4. A multifunction F : (X, т, ту) > (Y, 6), С,) is said to be 
(1) (i J-upper/lower 0-semi-irresolute if F : (X, (i, )OSO(X)) > (Y, (i, )OSO(Y)) is 
upper/lower M-continuous, 


(2) (i j)-upper/lower 9-preirresolute if F : (X, (i, /)0OPO(X)) > (Y, (i, )0PO(Y)) is upper/ 
lower M-continuous, 

(3) (J)-upper/lower 0-b-irresolute if F : (X, (i, )OBO(X)) > (Y, (i, )OBO(Y)) is upper/ 
lower M-continuous, 

(4) (i J)-upper/lower 0-sp-irresolute if F : (X, (i, OSPO(X)) —> (Y, (i, OSPO(Y)) is 
upper/lower M-continuous. 


Conclusion. We can apply the results established in Sections 5 and 6 for the following 
multifunctions: 


(1) the multifunctions defined in Definitions 7.3 and 7.4 and 
(2) апу (i j)upper/lower M-continuous multifunction F : (X, т, Т) > (Y, 6), с) 
defined by using any m-structures лт, and mj. 
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